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Abstract 

The M = 2 string is examined in dimensions above the critical dimension (D = 4) in a linear 
dilaton background. We demonstrate that string states in this background propagate in a 
single physical time dimension, as opposed to two such dimensions present when the dilaton 
gradient vanishes in D = 4. We also find exact solutions describing dynamical dimensional 
reduction and transitions from Af = 2 string theory to bosonic string theory via closed-string 
tachyon condensation. 
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1 Introduction 



In a series of recent papers [HEIEIII] , a number of exactly solvable string backgrounds were 
presented, describing novel dynamical transitions between various different string theories. 
These transitions are initiated by closed-string tachyon condensation in some parent theory. 
The tachyon condensate forms a bubble of new vacuum that expands outward from a nu- 
cleation point at the speed of light. The transition to new vacua is driven by the evolution 
of target-space time, terminating in the late-time limit in a distinct final theory. Because of 
the exact solvability of these models, these dynamical transitions can be studied in detail. 
These solutions provide precise connections between theories that were previously thought 
to be entirely disparate. In particular, we are now able to dynamically connect theories in 
different numbers of spacetime dimensions, with varying degrees of worldsheet and spacetime 
super symmetry. 

The mechanisms studied in [TJ [2], [3J, S] can be classified into two major categories. In 
one class of transitions, the parent theory is formulated in D > D crit supercritical spacetime 
dimensions. Following condensation of a closed-string tachyon, an expanding bubble of lower- 
energy vacuum forms in which string states with excitations along a certain number of spatial 
dimensions are driven out from the bubble region. Through this mechanism, some number n 
of spatial dimensions of the parent theory are removed completely from the dynamics in the 
late-time limit, so that the final theory lives in a total of D — n dimensions. From the point 
of view of the worldsheet theory, n coordinate embedding fields feel a worldsheet potential 
in the region of tachyon condensate that becomes infinitely sharply peaked at the origin. 
These fields can be integrated out of the theory, with the consequence that the effective 
couplings in the final theory are renormalized by loop diagrams. By simple diagrammatic 
arguments, however, it can be shown that quantum corrections to the connected correlators 
are zero beyond one-loop order, and quantum renormalizations can be computed exactly. 
The result is that the dilaton gradient and string-frame metric receive quantum corrections 
that ultimately compensate for the change in central charge due to the loss of n spatial 
dimensions. 

In the second class of transitions, which we call c-duality, the parent theory is type 
superstring theory, where the tachyon (which remains in the spectrum for the type 
GSO projection) couples to the worldsheet theory as a (1, 1) superpotential. In this case, 
tachyon condensation nucleates a phase bubble wherein worldsheet supersymmetry is broken 
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spontaneously, signaled by the presence of a particular F term in the supersymmetry algebra. 
In the late-time limit, worldsheet supersymmetry is broken completely, and the final phase 
of the theory is purely bosonic string theory (with an additional current algebra). In fact, 
the final state of this transition realizes a particular mechanism discovered by Berkovits and 
Vafa in 1993 [5], in which the bosonic string can be embedded in the solution space of the 
Af = 1 superstring. 

Taken together, these mechanisms serve to connect a much broader space of string theories 
to the well-known supersymmetric moduli space (or duality web) of critical superstring 
theory. The pictures that emerge are semi-infinite lattices of connected theories, living in 
any number of target-space dimensions and possessing varying amounts of supersymmetry. 
In this paper we expand this landscape even further to include the supercritical Af = 2 string 
as a parent theory. One interesting aspect of this theory is that, unlike the critical case, the 
theory exhibits only a single physical timelike direction. As will be shown below, the R- 
symmetry component of the super- Virasoro conditions in the linear dilaton background act 
to eliminate one of the two timelike directions that are present in the sigma model prior to 
the application of the constraints. In particular, we demonstrate that supercritical Af = 2 
string theory exhibits both dimension- quenching and c-duality transitions. As a corollary, 
we show explicitly how the bosonic string is embedded in the solution space of Af = 2 string 
vacua. 

The Af = 2 string is an interesting object in its own right. Historically, this theory was 
discovered by Ramond and Schwarz [6] in classifying the set of gauge algebras that admit a 
Virasoro subalgebra. It comprises a consistent, self-dual string theory [7,8J, and is critical 
in four real dimensions (albeit with 2 + 2 signature). While a large number of interesting 
properties of the Af = 2 string have been described, the theory as a whole has remained 
somewhat more removed from direct phenomenological considerations. We hope that by 
connecting the Af = 2 string with a large collection of distinct string theories, new light may 
be shed on the broader role of this theory in quantum gravity. 

In Section [2] we establish conventions and notation by briefly reviewing the parent Af = 2 
string theory in supercritical dimensions. In Section [3] we study generic aspects of tachyon 
condensation in the parent theory. Section H] describes dimension-quenching transitions 
driven by tachyon condensation. In Section we describe the c-duality transition from 
Af = 2 string theory to purely bosonic string theory. Section O provides in detail the explicit 
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variable redefinition that embeds the bosonic string in the space of vacua of the M = 2 
string. Section [7] describes the BRST quantization of this embedding at tree level in the 
string coupling. The final section contains a summary of our results and a brief discussion 
of future research directions. A number of useful equations and definitions are recorded in 
the Appendices. 

2 J\f = 2 string theory in a linear dilaton background 

The worldsheet action of M = 2 string theory admits the M = 2 superconformal algebra as 
a gauge symmetry. On the cylinder, the right-moving M = 2 algebra is characterized by the 
following commutation relations: 

[L m ,L n ] = (n-m)L m+n + — <5 m _ n (m 3 -m) , 
{G r , G s } = {G r , G s } = , 



{G r , G s } = 2L r+s + (r - s) J r+S + ^(4r 2 - l)5 r ,- s , 
[ L m , J n ] nJ m ^_ n , [ J m , J n ] — Tn8<m,—n ■> 

[L m ,G r } = (^m - r)G n+r , [L m ,G r ] = (^m - r)G m+r , 

[•Jm, G r ] G m +T , [ J mi Gr ] G m J rr . (2 - -Q 

G m and G m are modes of the complex Af = 2 supercurrent, while J m and L m are modes of the 
R-current and Virasoro generators, respectively. The simplest backgrounds of the M = 2 
string have flat string- frame metric and constant dilaton gradient. Relative to the linear 
dilaton backgrounds of bosonic, type 0, type II or heterotic string theory, the linear dilaton 
background of M = 2 string theory has reduced spatial symmetry, due to the transformation 
properties of the spacetime embedding coordinates under worldsheet supersymmetry. It is 
natural to employ complex bosonic embedding coordinates M , with /i running from to 
D c — 1 = |D — 1 (D c denotes the number of complex dimensions, or half the number real 
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dimensions D). Along with their left- and right-moving fermionic superpartners ip^,^, the 
bosons transform under worldsheet supersymmetry according to the algebra presented in 
Appendix lAl 



Signatures 

The M coordinates comprise the lowest components of (2, 2) chiral multiplets. As such, 
they have an intrinsic complex structure defined by their supersymmetry transformations. 
Worldsheet supersymmetry restricts the sigma model metric to be Kahler with respect to 
this complex structure. Among other things, this means that the real and imaginary parts 
of a single complex dimension must have the same signature. Since we are formulating our 
theory in Lorentzian spacetime, we demand that the direction 

X° = Re0° (2.2) 

be timelike. This would seem to indicate that the presence of a second timelike dimension 

r° = lm0° (2.3) 

is inevitable (along with the exotic phenomena that typically accompany theories with mul- 
tiple timelike directions). In a background with constant dilaton, this is indeed the case: the 
critical M = 2 string with vanishing dilaton gradient exhibits 2+2 signature. We will show, 
however, that the presence of a timelike or lightlike dilaton gradient renders the second time 
direction pure gauge. In such a background, the second timelike direction does not constitute 
an independent degree of freedom in the physical Hilbert space. 

Symmetries 

We define the dilaton dependence on the bosonic directions by 

$= 1 -{W^ + Wir) . (2.4) 
The complex dilaton gradient = 2<9<^ < 3? contributes to the central charge as 

c diiaton = _ (2.5) 



To cancel the worldsheet Weyl anomaly, the dilaton contribution to the central charge must 
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satisfy c dllaton = 6 — ^ = 6 — 3D C , so we obtain the following condition: 



For D > 4, this means must be timelike. We can use a U(D C — 1, 1) transformation to 
set Wi —lmW = for i = 1, • • • ,D c — \. Furthermore, without loss of generality, we are 
free to choose W < 0. This fixes the following conditions: 

W = W * = -s , (2.7) 

with 



D-A D c -2 , nn . 

so that the dilaton itself satisfies $ = — s Re0° = — sX°. 

Ignoring the dilaton, the spatial symmetry comprises a semidirect product of the transla- 
tion group with the rotation group U (D c ) . This group is broken by the dilaton to a semidirect 
product of residual translations, with the residual U (D c — l)-dimensional rotational group 
acting on the spatial directions. The (2D — 1) -dimensional group of residual translations 
includes D — 2 real translations in the spatial directions, as well as a translation in the 
Y° = Im0° direction. The latter will turn out to be unphysical, so the residual symmetry 
group will be generated by 2D — 2 real translations, and U(D C — 1) rotations of the spatial 
directions. 



2.1 States on the cylinder: NS states in standard picture 

Let us now discuss the physical states and operators of the Af = 2 string in this background. 
We will begin by discussing the physical state conditions at the level of old covariant quan- 
tization (OCQ), omitting for the moment any reference to Fadeev-Popov ghosts or BRST 
quantization. One important set of physical states of the M = 2 string is the set of Neveu- 
Schwarz (NS) states in standard picture. These correspond to superconformal primaries of 
weight 0. The requirement is that the nonnegative modes of G, G, J and L must annihilate 
physical states. 

To establish the connection between and the string coupling, we identify the SX(2,(D)- 
invariant state. This state is particularly easy to determine in a supersymmetric theory, as 
it is annihilated by both G_i and G_i. To this end, and to establish basic conventions, we 

2 2 
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define the usual Fourier mode expansions for fields on the cylinder: 

<Pm = )= [ dae'^d^a) , 

4>m = 



= / dae~^ d +( f>(a) , 



(2.9) 



(note that by m , we mean the m th mode of the conjugated field 0, and not the conjugate of 
the mode m itself). Lightcone coordinates are defined with the convention a ± = -^(— ct° ± 
a 1 ). The center-of-mass values for the fields are defined to be 



(2.10) 



0cm = — / da(p , 



with conjugate momenta given by 

The canonical commutation relations are 



0CM = — / d(T(j) , 



which means 



0(a), 0(t) = — 2nia'S(cr — r) , 



[9+0((r),9 + 0(r)] = -ma'S'ia-r) . 



(2.11) 



(2.12) 



(2.13) 



With these conventions, we recover the standard commutation relation for the modes r , 
and m : 



[0m,0n] = mSm-n ■ 



(2.14) 



The Fourier modes of ijj and ip on the cylinder can be similarly defined, with the correspond- 
ing anticommutation relation 



(2.15) 
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We can therefore write a consistent mode expansion of the generators of the M = 2 algebra: 



n 



i\/ln' - n' 

m ( w,r m + w;r m ) + jw;w» 5 m>0 , 

G r = V2 J^^nA-n + irVc/W^ , 

n 
n 

i\/2a' 

J m = VvVw + ^- [W^ m -W;r m ) • (2.16) 

At this point we note that all operators are assumed to be normal-ordered. 

Using the basic commutators in Eqns. (I2.14p and f)2.15p . it is straightforward to verify 
that this set of generators satisfies the M = 2 algebra with central charge c = c free + -' illal "" 



c 



where 

c dilaton = 3a > W * W H . (2.17) 

(Of course, we will eventually restrict to the form of in Eqns. (12. 7112. 81) above.) The 
zero-modes 0q a 
Eqns. ( jUTDD by 



zero-modes 0q and 0q are related to the translators for the overall center-of-mass values in 



S = \/?Vv, K = \/^>^ ; (2-18) 



2 ' ^ ' " u V 2 
where the momenta and p^ are defined according to 

U( Pqm g< Pcm 
The G_i and G_i conditions yield the two independent constraints 

P^ = = -id r , p^ = = -idpt , (2.20) 
so the identity state has a wavefunction of the functional form exp (—\W^ — \W*^). 
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R-symmetry constraint 

The presence of the dilaton background changes the nature of the R-symmetry constraints. 
As an example, let us consider the oscillator ground state. In a background with vanishing 
dilaton gradient, the Jo condition is vacuous when acting on the ground state. In contrast, 
the Jo condition in a background with timelike linear dilaton imposes the following condition 
on the ground state: 

p Y o = (2.21) 

(where Y° is defined in Eqn. f)2.3p ). The R-symmetry constraint therefore eliminates one 
dimension as a degree of freedom in the string wavefunction. For a general state, we obtain 
the following condition: 

p Y o = ^-(AV - AV) = , (2.22) 

a's a's v 

where N^, for example, counts the number of excited ip oscillators, and = (N^ — Nj,). 

We conclude that Y° does not constitute an independent degree of freedom in the Hilbert 
space of the M = 2 string in a linear dilaton background. Although the multiplet structure 
of the M = 2 supersymmetry forces us from the outset to adopt two timelike directions, 
the gauge constraints of the M = 2 algebra in this background leave only a single time 
coordinate. 

On-shell conditions for normalizable states 

Let us now consider the on-shell condition for string states. In the old covariant quantization 
of the M = 2 string, the Lo physical state condition is just L = 0, so the on-shell condition 
is 

rTPpPp + ^E osc + -WyW" = , (2.23) 

where E osc is the total oscillator energy of the state. We will assume throughout this section 
that our states are normalizable in the spatial directions (ft 1 , ■ ■ ■ ,0 Dc_1 . The wavefunction 
of a physical state is therefore of the form 

* oc exp (iooX + zuj'Y + iK a (j) a + iK*J a ) , (2.24) 
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where uo and u/ are not assumed to be real. For such a wavefunction, the on-shell condition 
reads: 

- - ( uj 2 + uj' 2 ) + K a *K a + —E osc + -W*W» = . (2.25) 
4 v ' a' 4 M v ' 

If there are excited ip oscillators and Nj, excited oscillators, we obtain 

w' = Pro = 4" - ^ ) = -T<^ » (2-26) 

a's as 

where we have substituted the form for determined above in Eqn. (12. 7p . This implies 



uj 2 = 4K a *K a + ^ - - S 2 , (2.27) 



where the magnitude of W^ 1 is given explicitly in Eqn. (12.81) . 

If uj 2 > 0, the state is oscillatory and does not represent an instability. Let us consider 
the possibility that uj 2 < 0, where the state could potentially represent an instability. The 
physically relevant criterion for stability [TJ[9] is whether or not the wavefunction of the state 
can grow more quickly than exp (— $) = exp (sX°). That is, if u 2 = —T 2 , with T real and 
positive, then the state represents an instability if and only if T > s. We will now see that, as 
in the examples studied in [TJH], a physical state that is normalizable in the spatial directions 
never represents a true instability. 

Since we are considering NS states in the standard picture, each ip or carries an energy 
of at least .E osc = |, and there are D c — 2 species of ip fermions transverse to the lightconec 
One attains the lowest energy per unit Q^-charge by filling fermi surfaces of each species to 
equal height. We conclude that the inequality 



2Q 



H 

'c 

must hold. This, in turn, implies 



2 



E osc > ^ (2.28) 



u 2 > AK a *K a + ) 6Q ^ - - ~ s 2 • (2-29) 

a'(D c -2) s 2 a' 2 K J 

The two terms containing Q^ 2 cancel in the above equation, since s 2 = Dc J 2 ■ This leaves 
the condition 

uj 2 > AK a *K a - s 2 . (2.30) 



^ight-cone fermions ip^ and their complex conjugates are removed by the fermionic constraints and 
null-state equivalences generated by G, G. 
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We have assumed the state is normalizable in the spatial directions, so the quantity K a *K a 
is real and positive. We therefore have that 

cu 2 > -s 2 , (2.31) 

so an exponentially growing state can grow no faster than exp(sX°), precisely saturating 
the stability bound. 

2.2 Tachyons and worldsheet superpotentials 

We have seen that the second timelike coordinate Y° is purely a gauge artifact in supercritical 
Af = 2 string theory. Excitations of Y° never give rise to negative-norm states, a second 
independent timelike degree of freedom in the wavefunction, or physical instabilities. This 
stands in contrast to the Af = 2 string with vanishing dilaton gradient, in which there is a 
true second timelike direction that produces a spectrum with energy unbounded from below 
(despite the absence of negative- norm states). 

We will now discuss a second important way in which the Af = 2 string in D > 4 
differs from its critical counterpart. In the supercritical Af = 2 string there are additional 
physical states at non-standard picture that have no counterpart in the critical theory. These 
states are non-normalizable, and are easy to understand in the language of operators: they 
correspond to superpotential deformations of the Lagrangian that preserve the full Af = 2 
superconformal symmetry. 

Operators 

Any Lagrangian perturbation preserving the full A" = 2 algebra corresponds to a BRST- 
invariant operator (when integrated over the worldsheet). All NS states in standard picture 
correspond to Lagrangian perturbations that come from Af = 2 superconformal primaries O 
of weight (0,0) and chiral R-charges (0,0), integrated over all four Grassmann coordinates: 

C = J dO + dO + ] dO_d6JO . (2.32) 

In other words, NS states in the standard picture represent full superspace perturbations. 

In the presence of a linear dilaton background, it is easy to see that there are also half- 
superspace perturbations preserving the full Af = 2 superconformal algebra. Consider a 
matter operator O of weight (h, h) = (|, |) and chiral R-charges (r, f) = (—1,-1) that 
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is annihilated by G_i and G_i, in addition to being primary under the full Af = (2,2) 
superconformal algebra. We would then expect the perturbation 

A£ chira i = J d0 + d6_O (2.33) 

to correspond to an allowed physical state, though not necessarily one that is normalizable. It 
is useful to understand what such a state looks like in integrated and fixed picture, verifying 
its BRST invariance explicitly. This will be the essential goal in the remainder of this section. 

The BRST current can be conveniently defined by collecting expressions for the super- 
conformal generators of the Af = 2 ghost sector. The ghost sector of the Af = 2 string in 
conformal gauge consists of the usual reparametrization be ghosts, a complex /3"f system, 
and a ghost system be of weights (1,0), corresponding to the Fadeev-Popov ghosts of the 
R-symmetry. The superconformal generators for these sectors are: 

T ghost = 2ibc' + ib'c + ibc' + ^{p 1 ' + f3f) + ^{P'7 + P'l) , 
■/ghost = i@ 7 — i/3 7 — 2ic b — 2ic b' , 

Gghost = yfifeb-y' -ib-y + icp + bf-y) + (3ic'/3 - c/3) , 

Gg hos t = V2 (ibj + 2b^' -left + b'^J - (3ic'p + cp) . (2.34) 

Here and below, the prime notation on fields indicates the action of the lightcone derivative 
d + . With these generators in hand, the BRST current can be written as 

jBRST = cT+icJ + -^=7G--^7G , (2.35) 

where the bold-faced quantities T, J, G are defined to be the usual generators in the physical 
sector plus one half the corresponding quantity in the ghost sector: 

T = T + -Tghost , 
J = J + ^^g 1108 * ' 

G = G + ic ghost . (2.36) 
12 



The left-moving current Jbrst can be defined similarly. 
Vertex operators for short multiplets 

The familiar physical states of the M = 2 string are generic, non-BPS (or non-short) chiral 
primaries. These operators are not annihilated by G_i or G_i. (For brevity, we will generally 
suppress all left-moving fields and refer only to the right-moving ghost and matter structure; 
exceptions will be noted explicitly.) For non-BPS M = 2 superconformal primary matter 
operators of weight and R-charge 0, the correct ghost dressing is #(7)5(7)0. (I.e., the 
dressed operators are BRST invariant.) Tachyonic excitations do not correspond to generic 
physical states, but rather to BPS primaries, denoted here by O. We now wish to find the 
appropriate ghost dressing for O. 

Since the operators of interest lie in the NS sector, it will be convenient to avoid bosonizing 
the superghosts and work directly with the /J7 and /J7 systems. In terms of a generic function 
/ of 7, we have the following commutation relation involving the BRST charge Qbrst: 

[Qbrst,c/(7)] = ^cc7/ , (7)+^77/(7)+cc / (/(7) + i7f(7)) • (2.37) 

Combining the above with a general matter chiral primary O of weight h and R-charge r, 
we obtain 

[Qbrst,c/(7)0] = cc / Q7/ , (7) + (l-^)/(7))0 + m/(7)0 

--j=c7/(7)A£ + ^cc(7f (7) - r/(7))0 , (2.38) 

where 

AC = G_iO. (2.39) 

Setting the weight h — | and R-charge r = —1, we see that the ghost dressing with f(j) = 
5(7) renders the operator O BRST- invariant^ Likewise, anti-BPS primaries annihilated by 
G_i with weight h= \ and R-charge r = 1 must be dressed with 0^(7). 

Existence of short physical operators 

In the supercritical Af = 2 string, short operators exist that satisfy the physical state condi- 
tions. The simplest is O, which we take to be of the form w{4>). An arbitrary holomorphic 



2 Here we have used the identities xS(x) = and x6'(x) = —6(x). 
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function w will be annihilated by G_i, and will be automatically primary with respect to the 
J\f = 2 algebra. The sole conditions remaining to be satisfied are that h = 5 an d r = — 1. A 
holomorphic function of scalars has no singularities with itself, so its anomalous and canon- 
ical dimensions both vanish. The only contribution to the weight is therefore due to the 
linear dilaton: 

L w(<f>) = -W^d,w{<P) = —d^w{<P) . (2.40) 
The R-charge is also determined by the dilaton term: 

oc s 

J w{<f)) = r w w{<p) = -w{4>) = — —d^ow^) . (2.41) 
These conditions are saturated by the form 

w((p) = exp (B(f>°/V2\ W((f) a ) , (2.42) 
where a — 1, ■ ■ ■ , D c — 1, and 

B = ^. (2.43) 

sa 

Note that B is positive: the holomorphic tachyon can only increase exponentially in the 
direction of weak string coupling. This condition is automatically enforced, and differs from 
the cases studied in [HEIEJII], where the condition was chosen to render the background 
solvable. 



States of short multiplets 

States corresponding to the BPS primaries we have specified above are in the Fock vacuum 
of the P, 7 system, but in the identity sector of the conjugate system. In other words, the 
states are annihilated by all positive modes of the (3 r , j r oscillators, except for 71. They are, 
however, annihilated by the raising operator (3_i. The properties of the conjugate states are 
the same, with the roles of 7, j3 interchanged with the roles of 7, (3- There is a shift in the 
(f)° momentum of the state relative to that of the corresponding operator, by virtue of the 
Liouville term. Explicitly, the wavefunction takes the functional form 

|exp (-W;r/2) f (</>)) = |exp ( S 0°/2) f(<f>)) (2.44) 

for a short operator, and 

|exp {-W^/2) /(0)> = |exp ( S 0°/2) /(0)> (2.45) 
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for an antishort operator, where we have taken an arbitrary holomorphic function f ((/)). The 
on-shell condition then requires that /(</>) be of the form 



GSO projections and holomorphic tachyons 

The subject of consistent GSO projections for the M = 2 string is a rich and interesting one. 
Even in the critical dimension D = 2D C = 4 there are a large number of options from which 
one can choose. For a more detailed exposition on this subject, the reader is referred to [10J, 
for example. In dimensions D > D c , the set of allowed GSO projections is undoubtedly even 
more intricate. Since we are interested in studying tachyon condensation, we will adopt the 
diagonal GSO projection (— l) Fw = 1, which is the simplest GSO projection that leaves all 
tachyons present in the space of physical states. This projection acts with a (—1) on all left- 
and right-moving fermions simultaneously. For modular invariance to hold, one needs to 
include in the spectrum a single Ramond-Ramond sector, in which all worldsheet fermions 
are periodic. With this inclusion, the diagonal GSO projection is always modular invariant 
for any 2D theory of free fermions. 

3 Condensation of holomorphic tachyons 

We aim to study the physics of holomorphic tachyon condensation in supercritical M = 2 
string theory. As noted, we will adopt the diagonal GSO projection, leaving the holomorphic 
tachyons as allowed deformations. The off-shell supersymmetry transformations of the D c 
chiral multiplets are given in Appendix |A] From these rules, we can construct a supersym- 
metric kinetic action. Modulo total derivatives, we have 




(2.46) 





TT r\r ht r\i' 



(3.1) 
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The OPE of the fundamental fields reads: 



(7)0 IT) ~ 



--log|(<r+-T+)(ff--T-)|rr , (3.2) 

where, as usual, ~ indicates equivalence up to nonsingular terms. The ip fields admit the 
OPE 

MaY^rY ~ <$(aYif>(rY ~ — I— -77"" . (3.3) 

Using the above equations, it is straightforward to verify that the local superconformal 
currents in this theory satisfy the OPEs recorded in Appendix [B] 

To make contact with the notation employed in [TJ[2j[3j|l] , we introduce the usual dilaton 
gradient V^, which is given in terms of by 

This theory admits the following stress tensor and complex supercurrent: 

T = + J ( W,. + W„) + ^ fc^ + V W . 

G = -?=iP fM d + ^-V2dV fl d + ^ . (3.5) 



We have chosen a normalization of in the stress tensor such that the linear dilaton 
contribution to the central charge takes the form determined above (see, e.g., Eqn. (|2.17|) ): 

c diiaton = Q a ' Vf * V n = Sa'w^W^ . (3.6) 

There is also an R-current defined by 

J = - iV2V tl d+^ + iVwid+fr . (3.7) 

At this point, we restrict V M (and hence W^) to lie entirely in the real timelike direction: 

V + = V_ = V + * = VJ* = — j= , (3.8) 

v2 

with q taken to be real and greater than zero. Here, q is related to the quantity s defined 



above (Eqn. (|XBjl ) b; 



3 In addition to V^, we have introduced q to make contact with the notation in 
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This sets the dilaton decreasing toward the future. For later convenience, we also note the 
component values V = Vq = —q. 

The critical central charge for the M = 2 string is c to tai = 6. In D c complex dimensions 
there is a contribution of Ac = 2D C from the scalars and Ac = D c from their fermionic 
superpartners. With the assignment in Eqn. (13. 8p . the total dilaton contribution to the 
central charge is c dllaton = — 6a' q 2 . The magnitude of the dilaton gradient must satisfy 
2a' V 2 = -(D c -2), so we set 

« - \/^r ■ (3 - 10) 

In what follows, we wish to consider interaction terms in the kinetic Lagrangian in 
Eqn. ( 13. 1H . obtained by perturbing with a superpotential (plus its Hermitian conjugate). 
For a general superpotential w, we have 

Ant = QQ (^--^w J +h.c. 

= l ^(d fl d v w)rr-^d fi wF'" + h.c. (3.11) 

By analogy with [UEIEHI] , we will choose particular forms of the superpotential to obtain 
transitions from the M = 2 parent theory in supercritical dimensions to theories with reduced 
spatial dimensions, reduced supersymmetry, or a combination of the two. We start by 
describing dimension- quenching transitions, where condensation of a holomorphic tachyon 
removes spatial degrees of freedom from the theory. 



4 Dimension-reducing transitions 

In this section we will describe dynamical dimensional reduction in supercritical M = 2 string 
theory, driven by closed-string tachyon condensation. In particular, we will describe the 
condensation of a holomorphic tachyon with exponential dependence on a lightlike direction 
and quadratic dependence on some number of transverse dimensions. We therefore focus on 
tachyon perturbations of the general form 

T = exp (B(f) + ) q afc 0V , (4.1) 

where q a b is a quadratic form in the holomorphic coordinates a , a 6 {2, • • • , D c — 1}. 
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For instance, to reduce the number of spacetime dimensions by one complex dimension, 
we can choose q a b4> a (p b = 0|. The resulting worldsheet superpotential is 

w = T = JL exp (50+) <& , (4.2) 

which in components gives the following worldsheet F-term coupling: 



Ant = -l—F^w - ^—F^w* . (4.3) 
Defining M = fi exp (B(p + ), the bosonic worldsheet potential takes the form 

V, s = ^ exp (B(0+ + 0+)) |0 2 | 2 = M | 02 | 2 , (4.4) 
and the Yukawa coupling is given by 

£ Yuk = ^ exp (50+) ( ^2 + 502^+^2 + 50 2 ^ + + ^-<Pl^ + ) + h.c. 

= ^ (^2 + £02^2 + B(j) 2 ^ + + ^-0^+^+ ^ +h.C. (4.5) 

The elements of the 02 multiplet can be integrated out, treating the elements of the + 
multiplet as fixed source terms. The path integral over the 02, 02 multiplets is purely 
Gaussian, so it can be computed exactly. The effect of integrating out the 02 multiplet is 
to generate effective terms involving fields in the + multiplet (and their conjugates). Note 
that these effective terms have no dependence on the fields in the 0~, 0~ multiplets. As a 
result, there are no operator ordering ambiguities in terms that are generated by integrating 
out the 02, 02 multiplets. 

The simplicity of the worldsheet theory can be understood at the level of Feynman 
diagrams. The 2 , 02 multiplets admit unoriented propagators. The ± , ± multiplets 
have oriented propagators, however, directed from + to — fields. If we draw the 02, 02 
propagators with solid lines, and the ± , ± propagators with dotted, oriented lines, all 
connected Feynman diagrams have the structure of a single solid line segment or loop, with 
outgoing dotted lines attached at a number of vertices. There can be no closed loops involving 
dotted lines, because the incoming end of the propagator can never join itself to a vertex. 
As a result, the 2D worldsheet theory is exactly solvable at the quantum level (for further 
details, see Ref. [2]). Notably, quantum corrections to the classical theory vanish beyond 
one-loop order. 
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The computation of effective interactions in the theory with 02, 02 integrated out can be 
performed exactly. The result is that coefficients of effective scalar couplings of dimension 
A and R-charge r scale as exp ((2 — A)BX + + |i\BF + ), in the limit where X + — > oo. Here 
we have defined 

0+ = X + + iY + . (4.6) 

In the limit of large X + , only marginal and relevant couplings can survive. Since the path 
integral over 02, 02 and their superpartners is Gaussian, there are no nonperturbative quan- 
tum corrections, so all effective operators generated by integrating out the massive degrees 
of freedom are necessarily D-terms. It follows that no relevant couplings are generated. Only 
marginal couplings with A = 2 are the only terms generated that survive in the limit of late 
light-cone time, X + — > oo. 

Employing the techniques described in [HI [2], we calculate the renormalization of the 
string-frame metric and dilaton gradient generated by integrating out 02 and its super- 
partners. We obtain the following results: 

AGx+X+ = AGy+y+ = — - — , 



AGW+ = 0, 

A$ = ^BX + + const. (4.7) 

As in [TTII2"] , the effect is to renormalize the dilaton contribution to the central charge by an 
amount 

Ac dilaton = 3 ^ ( 4 g ) 

which precisely compensates the loss of central charge due to integrating out the chiral 
multiplet containing 02, ip2, "02- Note that the renormalization of the worldsheet metric 
indeed respects (2, 2) supersymmetry. In particular, the renormalized kinetic term for the 
bosons can be written in a form that makes this manifest: 

A£ kin = -i 7 AG x+x+ (a + 0+9_0 + + d_0+<9+0 + ) . (4.9) 
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This comes from the superspace integral 

A£ kin = QQQQ ( 



Ana' 



1 



(4.10) 



The process of dimension quenching described in [2H1] is therefore realized in a precisely 
analogous manner. As described in j2j|4] , however, reducing to the minimal dimension raises 
certain subtle issues that reach beyond the scope of the present paper. For example, there 
is a nonzero null linear dilaton in the late-time limit of our theory: it would be useful to 
understand the precise relationship between this limit and the corresponding theory with no 
linear dilaton, which exhibits spacetime signature (2,2). 

5 Transition from M = 2 to bosonic string theory 

We now turn to transitions (called c-dualities in [I]) that connect M = 2 string theory 
dynamically with bosonic string theory. Similar to the transitions starting from M = 1 parent 
theories [3], the basic ingredient is the condensation of a lightlike tachyon. In the system at 
hand, we let the holomorphic tachyon profile depend on a lightlike combination of 0° and 
1 . The result is that the worldsheet potential for the bosonic fields vanishes identically, as 
do loop and multivertex tree diagrams. As in the transitions described in [UOElll], time 
evolution in the target space drives a renormalization group flow on the worldsheet, dressed 
with an exponential of the lightlike tachyon profile. This renders the perturbation as a whole 
strictly scale invariant: the deformed theory is exactly conformal, both perturbatively and 
nonperturbatively in a'. 

Specializing to the superpotential 




(5.1) 



gives the interaction Lagrangian 



int 





(5.2) 



where we have defined 



T~>2 I ~ 

/j = B a jl , 



- 52 / - 

fi = n a fi . 



(5.3) 
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By further setting 

M = /zexp 
we can write Eqn. (15.21) as 



") , M = /2exp(B(f) + ) 



M 



27T 27T 27ri?V« 



M 



2tt j BV« / 

Solving the equations of motion for the auxiliary fields, we find 

M - M 







(5.4) 



(5.5) 



(5.6) 



The worldsheet potential therefore vanishes, and we obtain the following Lagrangian, split 
into lightcone and transverse contributions: 



C 



7T 



ip + d + tp +ip d + ip + + ip + d-ip + ip d-ip + tp + tp + ip + -ip~ 

2 2 



ira 1 



(<9+0 + )(<9_0-) + (<9 + <T)(<M + ) + (<9 + 0+)(<9_0-) + (<9+0-)(cL0 H 
The transverse Lagrangian C x takes the form 



l 1 {d + 4> a ){d-r)+—,{d + r){d^ a ) 



(5.7) 



(5i 



7TCr 7TQ! 

with a running from 2 to D c — 1. 

The marginality condition for the tachyon is obtained by demanding that J d8 + d8-exp (B(f) + ) 
is weight (1, 1). This translates to the requirement that Bq = 2/ a', and we will henceforth 
assume this relationship. (In particular, note that B, along with q, is real and positive.) At 
this stage, the equations of motion appear as 



d + $~ = -\Mvj)- 



ia'B 



d+d-c 



ia'B 



+ 



(5.9) 



d + d- 
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The stress tensor can also be decomposed into contributions from the lightcone and 
transverse sectors of the theory: 



iLC 



+ T- 



(5.10) 



where 




(5.11) 



Explicitly, we obtain following: 






T 



2 



I — 



(5.12) 



The stress tensor T LC is conserved in the presence of the interaction, even if T 4, and 
are not separately conserved. 

As with the c-duality transitions starting from type string theory, the perturbing super- 
potential induces worldsheet interaction terms that become infinitely strong in the distant 
future. Working by analogy from [3J, we perform a canonical variable redefinition to render 
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these interaction terms weakly coupled in the distant future: 



(5.13) 



/ • Mc 6 . r Mc 6 

C Mc 6 . C Mc 6 



,P + = 2c 6 ' - ±h + 2B(d +( j) + )c G , i> + = 25' 6 + ±h + 2B(d-(J) + )c 6 



i,+ = 2c 6 ' - i6 6 + 2 J B(<9+0+)c 6 , i> + = 2g 6 ' + ±b 6 + 2 J B(«9_0+)g 6 



= x — iBa' McqCq , (f> = x — iBa' McqCq 



9 = X , = X • 

We have traded the light-cone fermions ip ^ for a complex be ghost system labeled by 
&6, cq and &6, C6 (and their left-moving counterparts, which remain suppressed). For lack of 
better terminology, we will refer to these objects as antighosts (though not to be confused 
with antighosts in the sense of BV quantization). We will also count the imaginary parts u 
of the lightcone bosons as antighosts, for reasons that will become clear. 

To preserve Lorentz invariance, these antighost fields have spins that are shifted from the 
more familiar Fadeev- Popov ghosts associated with worldsheet reparametrization symmetry. 
For reference, we record in Tab. [I] the weights and R-charges of the various objects we have 
introduced thus far, including the shifted antighost system. Furthermore, in accordance with 
Ref. [3j, we refer to the new set of variables as infrared (IR) variables (while the original 
variables are denoted as ultraviolet, or UV). In terms of IR variables, the lightcone action 
takes the form 

ixex \ 

+ ~ (-bed-CQ - b 6 d-c 6 - b 6 d + ^ 6 - l 6 d + c 6 + Tjjjhh + • (5.14) 

As intended, the IR theory becomes free in the \M\ — > oo limit. 
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object 


(M) 


(f, r) 




( mi f-i- 1 ! 

l [ U J , [+2^ J 







f [+ 1 ! [01 ) 


fl 0) 





f [01 \+-} ) 


fO -1) 




f [+ 1 ! [01 ) 


f-1 0) 




f 1 1 ) 

V2' 2/ 


f-1 -1) 




f 1 1 ) 

V2' 2/ 


fl 1) 


/A ^ 




(r\ r\\ 


ib 

Y 


fo -) 


fO 1) 


■ib 

Y 


fO ±) 

\ u ' 2^ 


fO -1) 


ib 

Y 


f 1 0) 

\2> / 


fl 0) 


ib 

Y 


f 1 0) 

V2' / 


f-1 0) 


ii pxn ( Hd)^) 


f+iSoo;' +-Baa') 


t-lBaa' --Baa') 


b R 




fo ^ 


fo 1) 






fl 0) 




(ft -±) 


(ft 1) 


c 6 


(-i,o) 


(1,0) 




(o,|) 


(o,-i) 


^6 


(1,0) 


(-1,0) 


Qs 


(0,-1) 


(0,-1) 


c 6 


(-io) 


(-1,0) 



Table 1: The weights and R-charges of fundamental fields. 
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Just as with the case described in [3], we will need to define a normal-ordering prescrip- 
tion that is appropriate for the IR system. In the UV, OPEs of field monomials involve 
subtractions of terms that are proportional to |M|, and hence infinite in the late-time limit. 
The natural normal-ordering prescription for fields in the IR regime differs from that in the 
UV, but only by terms that are independent of M or M. These finite differences amount 
to quantum corrections to the classical expressions for the superconformal generators in IR 
variables. In turn, these corrections lead to a finite renormalization of the dilaton gradient. 
As in [3J, the theory can be seen to admit no nontrivial Feynman graphs, and yet quantum 
corrections arise in moving to the IR description. 

Henceforth, operators and expressions in IR variables are assumed to be normal-ordered 
under the proper IR ordering scheme. In [3J, different operator orderings were made explicit 
by using the usual :: normal-ordering symbols in the UV regime, and introducing the bubble 
notation ° ° for use with IR variables. Since we are keeping normal-ordering implicit, we will 
not need to revert to this strategy in the present paper. (I.e., we will rely entirely on the 
results presented in [3J, with no need to compute OPEs directly in the IR regime.) 

Performing the classical transformations alone, the lightcone stress tensors in the b^CQ- 
antighost and bosonic sectors of the theory appear as 

T ic 6 = -| {{d + c & )h + (d + c 6 )b 6 ) - I (c 6 («9 + 6 6 ) + c & {d + h)) , 
T X LC = -f(afr- + d\x + d\ X + + dlx + ) 

+4 (d + X~d + X + + d +X ~d + x + ) ■ (5.15) 
a' 

To capture quantum corrections arising from the transformation to IR variables, it is useful 
to move to two real bosonic coordinates Uq and y§ (these coordinates carry a subscript, since 
they will undergo further redefinitions in the following section): 

X ± =^(yt + ™t) . (5.16) 

This breaks the bosonic lightcone stress tensor into two pieces: 

t^ c = -d + u-,d + u+ , 

a 

(T, LC ) classical = -d + y^d + yt - \ (d 2 + y 6 + d 2 + y+) . (5.17) 
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Quantum corrections to the classical transformations can be computed by referring directly 
to the calculations in [3J (here we essentially have two real copies of the system in [3]). In 
the y sector of the bosonic stress tensor, quantum effects contribute the following correction: 

LC = 2J2 
y a'q 

Below we will collect the classical and quantum contributions in the bosonic y sector into 
the single expression 

TtL = T^ C + A?; LC . (5.19) 

From the results in [3], it is straightforward to compute the renormalization of the dilaton 
gradient AV M arising from the shift to IR variables. We find 

AV + = V2B , AV* + = V2B , 

AV_ = AV*_ = AVi = AV* = . (5.20) 

For the sake of presentation, we compute the transformed lightcone supercurrent in com- 
plex bosonic x coordinates: 

1 ,—. . 8 „ , „ 4i 



G e = o<?vV6 6 -j^c^d+x d+X H i=hc & d + c & 

2 qa' 6 l z qy/a' 

+ 4= {c 6 d 2 +X + + (d + c 6 )d +X + - (d + c 6 )d +X - ) + 2qVc7d 2 + c 6 
\J (X 



-BVa'd 2 + c e - 2BWa'c e d 2 + x . (5.21) 

The two terms in the last line are quantum corrections. We note that neither x + nor x~ 
appears in G\ c . 

The R-current transforms entirely classically: 

h = b 6 c 6 + c 6 6 6 - iq ( d + x + + d + x~ - d + x + - d + x~ ) • (5.22) 

In particular, the original dilaton gradient and its complex conjugate, rather than the 
renormalized dilaton gradient + AV^, enter the R-current in the IR variables. This is 
necessary for consistency, since the complex be antighosts and their conjugates contribute 
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to the R-current central term in exactly the same fashion as the complex ip fermions. The 
dilaton contribution to the central term in J must therefore remain unchanged. We conclude 
that Vfj,, rather than + AV^, is the appropriate quantity appearing in J. 

At this stage we have established the existence of a consistent limiting description at 
late target-space time. The tachyon perturbation has added a nonzero F term (15. 6p to the 
supersymmetry algebra, F~ = gr^y , and deep in the IR regime worldsheet supersymmetry 
is spontaneously broken by an infinite amount. We therefore expect that the late-time limit 
of the theory comprises an embedding of bosonic string theory in the solution space of the 
M = 2 string. In the following section we will show that this is indeed the case: the deep IR 
is in fact described by purely bosonic string theory. 



6 Embedding of bosonic string theory 

Now that we have moved to infrared variables and have accounted for all possible quantum 
effects resulting from the canonical variable transformation, we would like to understand in 
detail the late-time limit of the theory. In this section we will motivate and introduce a series 
of further canonical transformations that will bring the theory into a recognizable form. As 
noted above, we will use numerical subscripts on the shifted be antighosts to keep track of 
sequential variable transformations, such that the final shifted be variables will be labeled as 
bi, ci, etc. We will also find it useful to decompose expressions into lightcone and transverse 
sectors: G = G LC + G 1 , J = J LC + J L and T = T LC + T ± , where T LC = T x± + T anti § host . 

We also find it convenient to explicitly separate the bosonic sector of the theory into 
lightcone and transverse contributions: 

^~bose = ^~bose -^~bose ) (6-1) 

where T^ e has been defined above in Eqn. (I5.19p . and includes the lightcone contributions 
from the bosonic y sector, plus the quantum correction computed in Eqn. (15.181) . The stress 
tensor Tb OS e denotes the bosonic sector of the theory with central charge exactly 

c boBe = c™ se + c ± = 26. (6.2) 

The condition that the total central charge of the Af = 2 parent theory takes the critical 

value Ctotai = 6 sets the value of the transverse component to 
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3(D C - 2) = - c dilaton . (6.3) 
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For purposes of illustration and for future reference, we will keep Cbose, CboL> and c explicit 
until after the final variable redefinition below. 



Rescaling 

To begin, we perform a rescaling of the be antighost system to simplify subsequent manipu- 
lations: 



c 6 = 



qv a 
qya 



-.b 5 = By a% , 
1 



2 
2 



-c 5 = 



c 5 , 



qy a' 



By a 
b 5 = B\/c/b 5 , 



c 6 



qya' 



-c 5 



By/a 



:C 5 . 



(6.4) 



Even though the bosonic directions remain unchanged at this stage, we choose to relabel the 
subscripts to keep the presentation uniform: 



(6.5) 



_2_ 

a' 



Again, we are assuming real values for B and q, satisfying Bq 
Under this rescaling, the stress tensor T and R-current J do not change. In terms of the 
real bosonic coordinates u$ and 2/5, the complex supercurrent takes the form: 



2\/2 /. ,// a 

= & 5 + "g^7 (2C 5 W J + C 5 2/5 + 



2C 5 m 5 + ?c 5 < - c 5 2/5 + c 5 yj ) - 2ic 5 C 5 65 



2 / iScc' , // , / _/ , / _/ . _/ 1 / . , / _/ Ba' ,/A 



a' °V y/2 
4 



V2 



(6.6) 



28 



Likewise, the R-current and stress tensor are 



(C 5 4 + C 5 65) - I (4 65 + 4 65) - ^ + Vt 

^(^ , % , +^/5 +, l/ 5 - , )+v / 2%5 + ^ 



2 

+ 



= - 1 (c 5 6' 5 + c 5 4) - I (c' 5 5 B + c' 5 6 5 ) + ^uf uf . (6.7) 

Note that T^ e now appears explicitly in the stress tensor. 

Reflection symmetry 

Now we wish to perform a canonical transformation to make the bosonic the (y, u) theory 
reflection symmetric about the little group of the renormalized linear dilaton. We therefore 
introduce the infinitesimal generator 



g5 



= J da l95 (a) . (6.8) 



The expression for g 5 is given by the sum of an ant ighost- number two piece and antighost- 
number four piece: 



g 5 = g? ] + gf ] , (6.9) 



where 



(2) 
35 



/_ _// +//_,_/,+/._,_/ 
= TT1 c s c s u 5 + 3c 5 C5 uj + c 5 c 5 u 5 + c 5 c 5 uj + ic 5 c 5 y 5 
Ba \ 



~ic 5 c' 5 yf + c' 5 c 5 m 5 ' + c' 5 c 5 m+' - ic' 5 c 5 y 5 ' + ic' 5 c 5 yf 



i _/ if / Boi _ .a 



-—, \Cf> c 5 j/ 5 ' uj*" - c 5 c 5 m 5 + -^=-c 5 C 5 

= ^ (4 C 5 4 C 5 2/5 ' - 4 C5 4 C 5 2/5"') • (6-io) 
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We generate finite transformations by taking 



i 



U 5 = exp^—g 5 j . (6.11) 

We thereby obtain the following transformed supercurrent, now written in terms of "4" 
variables: 

7i 

G4 — = 64 — C4 T h + G — iT h C4 c 4 C4 + 2ic 4 c 4 c 4 — — C4 c 4 C4 

6 

. 1 ~ 3^ _^ ^ 3^ ^ a— 1 — if 1 2 / 1 / / 

— 2?C 4 C4 64 — C 4 C 4 C4 — C 4 C 4 C4 — 4c 4 C4 C 4 C 4 C4 ( C4 m 4 m 4 

z z a 

+zc 4 c 4 c 4 «J a 4 ) + — zc 4 c 4 c 4 + zc 4 c 4 c 4 — 2zc 4 c 4 c 4 + 5zc 4 c 4 c 4 

+4c 4 c 4 c 4 c 4 c 4 + 4c 4 ) + (ic' 4 ul' + zc 4 uj ' + c 4 c' 4 c 4 ul" + c 4 c 4 c 4 u 4 " 

+c 4 c 4 c 4 m 4 ' + c 4 c 4 c 4 w 4 ') - c 4 . (6.12) 

Throughout these intermediate stages, we will record successive transformations of the stress 
tensor and the R-current in Appendix O 

R-current rotation 

At this stage we want to formulate a transformation that puts the R-current into a universal 
form in which the worldsheet fermions do not appear (which are contained in J 1 ). We 
therefore define a second canonical transformation generated by g4: 

daig 4 (a) , g A = --^J 1 ^ . (6.13) 
Forming the finite transformation 

Ua = 6XP (27 g4 ) ' (6 ' 14) 
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we obtain 



h ~ c 3 T£ se + G^ u+ + -0c 3 ttf' + 04 " ^ 3 uf 
-2ic 3 c 3 6 3 - — c 3 ujj"' U3 ' + (c' 3 «g ' + c' 3 ujj"') + i JV 3 - 4 



+ BV C " ~~ iT bo^eC3 4 C 3 + C3 4 C 3 + 2tC 3 C3 C3 - — C 3 eg' C 3 + J ± 4 4 C 3 



-^ C 3 C 3 C 3 - ^"C 3 C 3 C 3 ^/f~ C3 C3 C3 M 3 + ^/f ^ 3 C 3 ° 3 M 3 + C 3 C 3 C 3 M 3 j 

1 2i % 

- —ic^B 2 cz 4 c 3 uf uf -c 3 4 c 3 m 3 ' % ' + -^—t (c 3 4" C3 + 4 4 c 3 - 2 C3 4 4 

12 cr Bo, 

1\p2 11 11 1 1 

+54 4 C 3) + (C3 4 C 3 u 3 " + ^3 4 C 3 w 3 " + 4 4 C 3 M 3 ' + 4 4 C 3 M 3 ') 

+4(-^7-l)4c 3 44c3 • (6.15) 

To illustrate the action of this transformation on the R-current explicitly, we record the 
form of J 4 , prior to the linear redefinition defined by g± above, decomposed by antighost 
number: 

2 v^2 

j| 0) = J L + C 4 64 - C 4 64 - — — - (uf + uf) , 

1 1 
jf ] = - (-42 + c bosc - c ± ) c 4 c' 4 ' - 4c 4 c' 4 - 2c'l c 4 + (7c 4 4 + 4c£ c 4 + 8c 4 c' 4 ) , 

= -^7^ ( 24 + a'5 2 (c bosc - c x - 26)) (3c 4 c 4 4 c 4 + 4 c 4 4 c 4 ) • (6.16) 
As intended, the transformed version of the R-current (under C/ 4 ) is completely independent 
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of J ± : 



c L B ^ 
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T 



J 3 = + C 3 63 - C3 &3 - — C3 C3 + ^C 3 4' - 4c' 3 C 3 - 2c' 3 ' C 3 + 



B 2 a 



i5 z Q; ij^Q: iscr V / 



(6.17) 



Hermitian universal form 

At this stage we see that the lightcone component of the bosonic stress tensor T^ose appears 
explicitly in the supercurrent. We now want to move to a universal formulation written 
strictly in terms of a generic bosonic stress tensor T bose , describing a bosonic theory of critical 
central charge Cb ose = 26. We therefore define the generating function g 3 = f dai g 3 (o"), with 
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= ~Y d + ( c 3 c 3) - ^2 { G±e ' v/5 " +c 3 4 c 3 + G L e 1 ^ u+ c' 3 c 3 c 3 ) - c 3 c' 3 c 3 b 2 + c' 3 c 3 6 2 c 3 



-iG e ^ C3-1G e C3 + __^ C3C3M + +C3C3UJ J . (6.18) 

Acting with the finite unitary transformation C/ 3 = exp (^rgs) puts the supercurrent into 
the following form: 

G 2 = U 3 G 3 ul 

ic^B ( ,a 2^^ ,// ._ . , ._ . , T 

= b 2 - C 2 T bosc - -^-j=0 + i 02 U 2 J + ~B^~ C2 M 2 + lC 2 b 2 C 2 + lC 2 b 2 C 2 -lC 2 C 2 b 2 

+2ic 2 6 2 c 2 - -^c 2 ' u 2 ' + (c' 2 m 2 ' + c 2 uf) + [j^, C ' 2 ' 

%g> _ 111 2z _ 111 _ m Tic _f if _n 1 

+ ~V2° 2 ° 2 ° 2 ~ B~ 2 o ;C2 ° 2 ° 2 + ~8~° 2 ° 2 ° 2 + ~2A° 2 ° 2 ° 2 + ~8~° 2 ° 2 ° 2 

i ( - III . o-// / . n -l II \ , 2\/2/_ / _// // _/ 

— , (3c 2 c 2 c 2 + 3c 2 c 2 c 2 + 7c 2 c 2 c 2 ) + — — - ( c 2 c 2 C 2 M 2 + c 2 c 2 C 2 M 2 



+2c 2 c 2 c 2 u 2 ) - —c 2 c 2 c 2 c 2 c 2 + - B ^—A c 2 c 2 c 2 c 2 . (6.19) 
We see that Tb ose appears explicitly in the second term. 



32 



If we assign the appropriate value cr 1 = 24/ (a'B 2 ) (which is set by the condition on the 
parent Af = 2 theory that c tota i = 6; see Eqn. (I6.3P ) and define 

v ± = B^uf , (6.20) 

we find that, written in the bosonic variables v , the tachyon gradient B scales out of the 
supercurrent entirely: 

G 2 = b 2 - c 2 Tbose - c 2 + ic 2 b 2 c 2 + ic 2 b 2 c 2 - ic 2 c 2 b 2 + 2% c 2 b 2 c 2 

2\/2 /.,_/ , _// , - II -I . n -I I -A 2 ,/ _/ , , 

H — \ic 2 v +c 2 c 2 c 2 v +c 2 c 2 c 2 v +2c 2 c 2 c 2 v -c 2 v^ v . (6.21) 

a' \ J a! 



Final transformation 

The physics of this system is not yet clear. Ultimately, we are not interested in the details 
of the supercurrent at all, but only in its role in defining physical states via the OCQ or 
BRST procedure. The OCQ or BRST cohomology is covariant not only under unitary 
transformations, but under all similarity transformations as well. At this stage we would 
like to place the conjugate supercurrent G in the simplest form possible, and this can be 
achieved via a particular similarity transformation. We therefore define a non-Hermitian 
generator g 2 = / daig 2 (a), where 

g 2 = ic' 2 c 2 + —r^ 2 c 2 H ^c 2 c 2 u 2 + c 2 c 2 c 2 b 2 + c 2 c 2 b 2 c 2 + — c 2 c 2 c 2 c 2 

6 6V2 " 8 

c bose _/ _ // He _f _ „ ic B _f _ f ,/ _ 2i _ +'-' 
-c 2 c 2 c 2 c 2 + —r^-c 2 c 2 c 2 c 2 + c 2 c 2 c 2 c 2 u 2 - il hose c 2 c 2 -c 2 c 2 u 2 u 2 



1 / i — , / 4^ , . 11 _, _ i — _ j i / 
— 2v 2c 2 c 2 u 2 — —c 2 c 2 — -—c 2 c 2 c 2 c 2 — 2y2c 2 c 2 u 2 



Ba'\ z z B z z 2B 



—i\[2d 2 c 2 c 2 c 2 u 2 — 3iV2c 2 c 2 c' 2 c 2 u 2 . (6.22) 



The finite similarity transformation of interest takes the form 



*2 = exp ( ^gfc ) • (6.23) 
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So that conjugating the supercurrent with S2 yields 
G\ = S2G2S2 1 



h n rr lc B 2? \/2 +// ic B , +l ._ , ._ 

6i-2ciT bose i=ciuj + ——dui -^c-luJ +2ic 1 b 1 c 1 + 2icxb 1 c 1 

6V2 5a' 3V2 

z 7 , 1 , 4 ,/ _/ 2z^/2 / _// „ / _/ „ / 4-/\ 

— 2zci ci Oi + 4zci Oi ci -C\uT u 1 H — - — \C\U l + 2c 1 u 1 +2cim7) 



-2r" - —c" + — — r" 
3 i3 z a 



7 



7 (24 + a'5 2 (c bosc - c x - 26)) c[ - c x c'/' Cl - 4c' x Cl - 6c? c[ Cl J 

7 (24 + a'5 2 (c bose - c x - 26)) c? d c'/ < Cl . (6.24) 



245V 

Since S2 is generated by a non- Hermit ian function, G\ is no longer given simply by the 
conjugate of G%. Specifically, we obtain 

G\ = 61 - 48 ^ 2q/ (24 + a'5 2 (c b ose - cr 1 - 26)) f 6ci Ci c" - 3c" q c x - c" ci c x J 

+777^7 ( 24 + «'^ 2 (cbo Se - c x - 26)) c'/ c? d ci Cl . (6.25) 

The final expressions simplify significantly when we replace c b0 se and c 1 - with values 
appropriate to the system at hand (see Eqn. (I6.3P ). and move to the rescaled bosonic v ± 
variables (with u* 1 = 5 =Fl t> ± ). Once again, we obtain expressions that are independent of 
the tachyon gradient 5: 

Gi = bi- 2ci Tboso + 2z (pi bi c[ + c a b[ c x - c[ c x 61 + 2ci 61 c x ) 

4 , / _/ 2?^ / _// _ , _A _ „ 

-ci u a H — ci q + 2c x v 1 - 2q , 

a a V / 

Gi = 61 . (6.26) 
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Likewise, the final R-current and stress tensor follows: 

t 2^/2 _/ - 

Ji = —v 1 +c 1 b 1 -c 1 b 1 , 

a' 

Tx = T bose + -v\' v? - ( % -c x b[ + %d t h + h.c. ) . (6.27) 
a \2 l J 

In summary, we began with the M = 2 string in flat space with timelike linear dilaton. 
Following condensation of the closed-sting tachyon profile specified by the superpotential in 
Eqn. (15. ip . the theory asymptotes at late times to a constant CFT with no X + dependence in 
the Lagrangian, stress tensor, R-current or supercurrents. The theory admits a simple late- 
time limit that is static (modulo a time-dependent dilaton). We would like to understand in 
detail what this limit actually describes. In the next section we show that the theory deep in 
the IR regime is precisely equivalent to a certain background of bosonic string theory, with 
D— 2 = 2D c —2 noncompact dimensions, a linear dilaton, and an SO(2D c — 4)^x5*0 (2D c —4)r 
current algebra. (In this paper, D and D c will always refer to numbers of dimensions of the 
initial string background.) The corresponding bosonic string is precisely described by the 
generic stress tensor Tbose- This system stands as an analogue of the bosonic string embedding 
into M = 1 superstring theory introduced by Berkovits and Vafa in [5] . 



7 BRST quantization 

In this Section we will establish the equivalence of the late-time limit of our worldsheet the- 
ory to the bosonic string in a particular background. To do this, we quantize the string in 
the BRST formalism. We then take the standard form of the BRST current and perform a 
similarity transformation that reduces the BRST charge to two anticommuting pieces involv- 
ing disjoint sets of worldsheet fields. One of the two pieces will have a trivially computable 
cohomology consisting of a single state, the vacuum |0). The second piece is precisely equal 
to the BRST charge of the bosonic string in a particular background. The cohomology of 
the full product theory thus corresponds one-to-one with that of the bosonic string^ 
In total, the BRST current of our original theory takes the form 

Jbrst = c T + l -c J + -J=7 G - -j= 7 G , (7.1) 

4 This statement is strictly true modulo a subtlety concerning the zero mode of the v~~ antighost, which 
we will discuss below. 
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with the quantities T, J, G and G defined above in Eqn. (12.361) . We want to show that this 
form can be brought into a final universal form by the action of a similarity transformation. 
One way to find such a transformation is to create an exhaustive list of possible operator- 
valued terms that could appear in a candidate generating function. These consist of field 
monomials that have zero total R-charge, zero ghost number and total weight one. Given the 
field content of the theory, there are a large number of possible terms (several hundred) that 
satisfy these conditions. Upon constructing a candidate generating function g from these 
terms, we can solve for free coefficients by demanding that the full transformation yield the 
desired final incarnation of the BRST current, up to a total derivative: 

So Jbrst Sq 1 = Jbrst + Jbrst > ( 7 - 2 ) 

where Jbrst * s described below. Here, So comprises a similarity transformation, as opposed 
to a unitary transformation. In other words, it is generated by a non-Hermitian generator, 
according to 

S = exp (ig ) , (7.3) 

with g ^ g^ . In the end, the final transformation rules are still somewhat complicated. We 
present these rules, including the complete form of the generating function go, in Appendix [Dl 
Under the full transformation in Eqn. (17. 2p . the BRST current becomes 

■new _ 'triv i -bose 

Jbrst — Jbrst ~t Jbrst 

% - iuj \/2 A _/ . 3 .. 

= ^7&i + ^7»i r cv +ibcc+-c +cT bose . (7.4) 

\J2uj V2 a 2 

Since the overall transformation is rather complicated, we have included a Mathematica 
notebook in the arXiv source package of this paper that can be used to verify the result J^| 

The total derivative term Jbr^t does not contribute to the BRST charge, and we can 
ignore it for the purpose of computing the physical state spectrum. The first term Jbrst is 
a quadratic piece involving the variables c±, b\, v , and the Fadeev- Popov ghosts for the 
R-symmetry and local supersymmetry: 



Jbrst = —7jr76i + ^=761 - —cv- . (7.5) 



D This notebook can also be found online at the URL http://sns.ias.edu/~swanson/BRST.nb 
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The only cohomology in this sector is the vacuum |0), corresponding to the operator 

|0) ^ d ex *( 7 )*(7) • ( 7 - 6 ) 

For oscillators with nonvanishing mode number, this statement follows from a straightforward 
application of the BRST quartet principle. In particular, one should consider the three field 
quartets 

(6i,7,ci,/3) , (6i,7,ci,/3) , (v~',c,v + ,b^ . (7.7) 

One subtlety in this approach is that the field v~ never appears undifferentiated in the 
current Jbrst- This implies that, while v~' is the Q-image of a local operator (namely b), 
the Q-closed operator t>" is not. This leads to a strange situation in which v~(a ± ) is an 
element of the BRST cohomology, but v~' is BRST-exact. 

Since v~(a) is independent of a in cohomology, operators constructed from undifferen- 
tiated v~ fields behave analogously to picture-changing operators. That is, v~ momentum 
labels an infinite number of disjoint copies of the physical state cohomology, between which 
the exponentials Xp = exp (iPv ~) interpolate. The operators Xp functioning as picture- 
changing operators for u v "-picture." All PCOs for v "-picture are invertible and position- 
independent, so it is manifest that all v "-pictures are completely equivalent. It seems likely 
that a careful treatment of picture- and instanton-number-changing operators in the Af = 2 
string framework will shed light on the correct treatment of v "-pictures at the level of inter- 
acting strings. 

The third piece, Jbrst> * s a BRST operator in the standard form, describing a bosonic 
string with a c = 26 conformal stress tensor: 

JbrIt = c T bose + tbc'c+^c" . (7.8) 

The stress tensor T b0 se describes 2D C — 4 flat transverse real coordinates a , a , as well as 

a pair of light-cone coordinates y ± , also with flat metric = r]- + — — 1, r] ++ = rj = 0. 

There is a varying dilaton whose contribution to the central charge is given by 

c dilaton = __(£)_ 20) , (7.9) 

2 

where D = 2D C is the number of real noncompact dimensions of the initial configuration. 

The physical state cohomology V in the bosonic sector is characterized, as usual, by the 
be ghost vacuum times a matter primary of weight one. Given a matter primary of weight 
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one, the corresponding vertex operator will be of the form cc\ c\ 5(j) S(j) V (along with the 
appropriate left-moving operators). 

Finally, there is a stress tensor present for the ?/> a , ip at degrees of freedom. These variables 
no longer have any significance as superpartners of the variables. In particular, currents 
generated by ip a , ip a ^ do not give rise to gauge bosons in the spectrum of the initial Af = 2 
theory. In the late-time theory, however, these variables are primary operators of weight one, 
and therefore enter the theory on the same footing as any other such operator, giving rise 
to gauge bosons propagating in spacetime. The same is true for the currents generated by 
■if) a , if) a ^ . Together, these variables generate an SO(D -4)j,x SO(D — 4)# current algebra, 
with one real fermion for each real dimension transverse to the light cone. 

The complex structure of the <f> and if degrees of freedom has decoupled completely, 
along with the original supersymmetry. By decomposing <p a = 4j ( y 2a + iy 2a+1 ) and if a = 
4g ( X 2a + i\ 2a+1 ) for a = 1, • • • , D c - 2, it is clear that the theory has an SO(D - 4) 
symmetry rotating the \ A (with the index A labeling real directions), as well as an unrelated 
SO(D — 3,1) spatial symmetry rotating the spatial directions (y°, y 1 , y A ), if one ignores 
the dilaton. The dilaton gradient breaks this spatial symmetry down to SO(D — 3) if the 
final dilaton gradient is timelike, SO(D — 4) if the final dilaton gradient is lightlike, and 
SO(D — 4, 1) if the final dilaton gradient is spacelike. The total central charge of the bosonic 
stress tensor Tb osc is D — 2 from the scalars (y°, y 1 , y A ), \{D — 4) from the fermions \ A and 
— 3(D/2 — 10) from the dilaton, for a total of c = 26. Of course, this is the correct central 
charge for a consistent bosonic string theory. 

8 Summary and conclusions 

The Af = 2 string exhibits a number of interesting properties in supercritical dimensions. 
In fact, because the presence of a linear dilaton background renders one of the two timelike 
directions unphysical, it is somewhat natural to study this string theory in dimensions above 
the critical value D = 4. In line with previous studies of supercritical strings, we have 
found that closed-string tachyon condensation leads to a number of interesting dynamical 
transitions among different string theories. In certain examples, these transitions connect 
the M = 2 string in various spacetime dimensions via dynamical dimensional reduction. We 
have also shown that closed-string tachyon condensation can drive a dynamical transition 
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directly to bosonic string theory. 

Although the existence of consistent string theories in supercritical dimensions was es- 
tablished long ago [T21 [131 H3] , it is apparent that such theories harbor a number of novel 
and surprising features. It seems likely that further exploration of supercritical string back- 
grounds will yield additional connections among theories that were previously thought to be 
completely distinct. 
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Appendix 

A M = 2 supersymmetry algebra 

In this appendix we record the off-shell supersymmetry transformations of the D c chiral 
multiplets of our theory. To begin, the M = 2 superalgebra provides the following: 

{Q, Q} = -2P + , {Q, <§} = -2P_ , (A.l) 

along with the vanishing quantities 

= Q2 = Q 2 = Q2 = {Qj Q } = { g ) Q } = {Q ^ Q } = {Q, Q} = . (A.2) 

We recall that P± — |( — P ± Pi), so both P± are negative-definite in a unitary theory. 
The transformation laws for a chiral multiplet <f>, tp are as follows: 

Q 4> = iVa' if) , Q 4> = iv^ ip , 

Q0=O, 0^=0, 
QV = 0, Qtj) = F , 



'a' 



QiP = -F, Q^ = 0, 



v«' 



qf = o, qf = o, 

QF=-2id + ip, QF = +2id_ip . (A.3) 



40 



The transformations of the conjugate multiplet are 

Q0=O, Q0=O, 

Q <f> — i\fa' , Q 4> = i\fa' , 



Q F = -2i d + 4> , Q F = +2i <9_?/> , 

QF = 0, QF = 0. (A.4) 



B OPEs of basic objects 

In this appendix we collect the OPEs of both fundamental and composite operators in our 
theory. The OPE of the fundamental fields reads: 

r^W(r) ~ ~ log \{a + - r + )(a- - r~)\ rf v , (B.l) 

where, as usual, ~ indicates equivalence up to nonsingular terms. Similarly, the ip fields 
admit the OPE 



i;(a)^(ry ~ V^'VOT ~ - - - 77^ . (B.2) 
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Furthermore, the OPEs of the various composite operators in the theory (namely, the com- 
plex supercurrent, the R-current and the stress tensor) are 

J(a)J(r) ~ 



3f<7+ -T+) 2 



T{°)J{r) ~ j— J(r) + — ±- : d + J(r) 



(a + — r+) 2 cr+ — r+ 



2(a+ - r+) 



r WG(r) - 2((J+ ! r+)2 g(r) + ^^d + G{r) 



J(a)G(r) ~ ^^G(r) 
cr + — r + 



J(a)G(r) -^-G(r) 



ewew - -jjj^r - i^hw- JlT) - ^ T(T) ~ j(t) ■ 

C Details of the bosonic string embedding 

In this appendix we record in detail each step of the multi-part variable transformation that 
brings us to the final incarnation of the IR theory in Eqns. (j6.26H6.27)) above. We start just 
after the rescaling transformation that introduces the set of variables labeled by the subscript 
5. The supercurrent at this stage is presented above in Eqn. (16. 6p with bosonic coordinates 
expressed in x variables. It can be reached from the supercurrent Gq in Eqn. (I5.2ip by 
performing the rescalings in Eqn. (16. 4ft . For completeness, we present G5 in real u and y 
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bosonic variables (as opposed to the complex x system): 

G 5 = h + -^7 {ic 5 uf + c 5 yf + ic 5 uf + ic 5 uf - 4 y 5 ~' + c' 5 yf) - 2ic' 5 c 5 65 

2 ,iBoi ,// ,/ _/ ,/ _/ . _/ 1/ . 1/ _/ -Ba' ,//>. 
-^7C 5 (— ^=-< +<% +y£ y 5 + iy 5 uj - iy+ u 5 + ~j=vt ) 

For the sake of collecting all of the relevant quantities in one place, we will also record the 
R-current and stress tensor after each step. The R-current at this stage takes the form 



I 1 7 I - 7 21 _ Cbosc _ // c _ // A -I I o-" 1 -/ - // 

J 5 — -J + C 5 5 — IC5 5 — C 5 C 5 -\ — C 5 C 5 — C 5 C 5 — 4C 5 C 5 — ZC 5 C 5 + ~4~ C 5 C 5 c 5 C 5 



3iCbose _/ _ // . 3ic _ „ 13i _ // _ , ^Cbosc _// _ / _„ _ , 

— c 5 c 5 c 5 c 5 + -g-c 5 c 5 c 5 c 5 + — c 5 c 5 c 5 c 5 — c 5 c 5 c 5 c 5 + — c 5 c 5 c 5 c 5 



+ z^b 7 ( 4c ' 5 ' ° 5 ~~ 3ic ' 5 ' ° 5 c ' 5 ° 5 ~~ 9ic ' 5 ° 5 c ' 5 ' ° 5 + 7 ° 5 c ' 5 ' + 8 ^ 5 c ' 5 
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and the stress tensor is given by 



i - f i _ , Hi _ m ^Cbose _ /// ic _ w 3i , - 3i _, 5i n 
2 C s h ~ h + -^c 5 c 5 + ^-c 5 c 5 - — c 5 c 5 - — c 5 6 5 - yc 5 65 - "g c 5 c 5 



. ^ c bose _/ // _/ // ._// / •_/// . _ 11 I , c bose _/ // / c _/ _ // / 

+ ^-c 5 c 5 - — c 5 c 5 - 2C 5 c 5 - «c 5 c 5 + -c 5 c 5 c 5 c 5 + ^-c 5 c 5 c 5 c 5 - — c 5 c 5 c 5 c 5 

, 35 , w Cbose _ w C _f _ m 3 „ _ i) C Dose w _ 

+ 24° 5 Cs Cs C5 + ~W° 5 ° 5 ° 5 ° 5 ~ 48° 5 ° 5 ° 5 ° 5 4 Cs ° 5 ° 5 ° 5 ° 5 ° 5 ° 5 

C -II - II 3 _ 7/ , Cbose _// -1 1 C _// _j / 35 _ w _ / 

_ "g" C 5 C 5 C 5 C 5 + g C 5 C 5 C 5 C 5 + "[g - ^ C 5 C 5 C 5 _ J^ c 5 C 5 C 5 C 5 + 7^ c 5 C 5 c 5 C 5 

, Cbose _/// _ / C -in - 1 , mLC , m± +' — ' ^ 



30Se _/// _ / L _/// _ / rpLC 1 /Tl-L 1 +' — ' _ 

-^g-c 5 c 5 c 5 c 5 - — c 5 c 5 c 5 c 5 + T bose + T + < m 5 — 



3 ( -I - III -III -I \ 1 ( -II - II . 

" 2BV V 5 ° 5 ° 5 ° 5 ° 5 ° 5 ° 5 ° 5 / ~ 5V r 5 ° 5 ° 5 ° 5 2° 5 ° 5 ° 5 ° 5 2° 5 ° 5 ° 5 ° 5 



3z /; \ 2^/2 / , _// 



• 2 c 5 c 5 2 c 5 c 5 ^ 



" I - 1 — " - 1 4-11 -1 —II -1 4-H 

j[ c 5C 5 u 5 +c 5 c 5 uj +c 5 c 5 u 5 +c B c 5 uJ 



,-11 -1,-11 4-l\ "V^ /_ _/// _ + /// „ _/ „ + l 

+ C 5 C 5 M 5 + C 5 C 5 M 5 J ~ £^7, C5C5M 5 + C 5 C 5 M 5 + c 5 c 5 M 5 + C 5 C 5 « 5 



+c / 5 / c 5M5 -' + c / 5 / c 5 n+'j . (C.3) 

The next transformation renders the bosonic y, u theory reflection symmetric about the 
little group of the renormalized linear dilaton. This is achieved by acting with the unitary 
transformation 11$: 

C/5 = expQ-g 5 ) , (C.4) 

where 

g 5 = J daxgsip) . (C.5) 
The explicit form of g$ is given above in Eqn. (16.10!) . This transformation moves us to 
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variables marked with the subscript 4. The transformed supercurrent takes the form 

1% 

G A = U b G b U\ = b 4 + G ± - iT^ se c 4 c 4 c 4 + 2ic 4 c 4 c 4 - — c 4 c 4 c 4 - 2ic' 4 c 4 b 4 

— c 4 c 4 c 4 — c 4 c 4 c 4 — 4c 4 c 4 c 4 c 4 c 4 — 1 b ose C 4 - ( C 4 U 4 M 4 
2 2 a' 

1 • — / +' — 1\ 1 /•- /// . •-/ // o-- a 1 1 c •-" ' 

+zc 4 c 4 c 4 til « 4 ) + — ; , uc 4 c 4 c 4 + zc 4 c 4 c 4 — 2?c 4 c 4 c 4 + 5«c 4 c 4 c 4 

2\f2 

+4^ C 4 C 4 C 4 C 4 + 4c 4 ) + — — - Uc'a Uj' + ICa ut' + c 4 C A C 4 Ua~" + c 4 c 4 C 4 tit" 

DOL 

+c 4 c 4 c 4 uj' + c 4 c 4 c 4 u^') - c 4 . (C.6) 

We now record the R-current, decomposed according to antighost number (denoted by the 
superscript index on the left-hand side): 

jf ] = J 1 + c 4 6 4 - c 4 b A - (u 4 ' + ut') , 

Da 

jf ] = ^ (-42 + c bosc - c x ) c 4 c 4 - 4c 4 c 4 - 2c" c 4 + (7c 4 c 4 + 4c 4 c 4 + 8c 4 c 4 ) , 



4 > = -^7g^ (24 + a'B^Cboee - c" 1 - 26)) (3^ 4 c 4 c2 c 4 + c'i c 4 c' 4 c 4 ) . (C.7) 
Similarly, the stress tensor is given by 

Tf ] = ^bose + ^ - \ (C 4 fe 4 + 6i) - I K 6 4 + C, 64) + |«f < , (C.8) 
^,(2) j-j-j _ /// 1 ^ c bose - III , \ 111 „ f i c bose -I 11 --ll i 

± 4 — 24 48 2B 2 a 8 16 

• -/// 3i _, „ 2\f2 , _n , ,// _, _// _, ,// / , _/ 

-2C 4 C 4 + - n9 ; C 4 C 4 - — — - I C 4 C 4 M 4 +C 4 C 4 Mj + C 4 C 4 « 4 + C 4 C 4 U J + C 4 C 4 M 4 
lB z a Ba 

I -/ / +'\ ^2 /- -'" , - , - II -I . - II +1 

+ C 4 C 4 Uj ) - — — - ( C 4 C 4 M 4 + C 4 C 4 M 4 + C 4 C 4 U 4 + C 4 C 4 Mj 

Da 

+c 4 c 4 uj' + c 4 c 4 tt| ') , (C.9) 
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rp(4:) 3 _, _ I/ i Cbosc -/-/// c -/ - // / 1 _/_/// 35 _ ; _ ;// 

J 4 — g c 4 C4 c 4 c 4 h \q~ c ^ C4 C4 C4 1~6 C4 C4 C4 C4 2B 2 a' C ^ C4 C4 C4 24~ C4 C4 C4 C4 

H J-T - C4 C4 C4 C4 "7~rC 4 C4 C4 C4 H 7C4 C4 C4 C4 + - C 4 C4 C4 C4 ~^C 4 C4 C4 C4 

48"" 48 4"" 8 8 

1 3 _// _/ / Cbosc -// -/ / ^ -11 -1 1 _|_ 35 _ w _ , Cbosc -/// - / 

~r7r C 4 C 4 Ca C4 H T"^ - C 4 Ca Ca C4 T7^ C 4 C 4 C 4 C 4 ~r 777^4 c 4 C4 C4 H — — Ca C4 C 4 C4 

8 16 16 24 48 

C -L 13 3 

TTrQ C4 C4 C4 — - - I — Ca C4 C 4 C4 + — Ca C4 C 4 C4 

48 .BV v 2 2 

+C4 c 4 < c 4 + ^c" c 4 c' 4 c 4 ) . (C. 10) 

The next step is to define a unitary transformation that rotates the R-current into a 
particular universal form, in which J 1 - is absent entirely. This is achieved by defining the 
generating function 

g 4 = ~^u + . (C.ll) 

Under the corresponding finite unitary transformation, we obtain the transformed supercur- 
rent in "3" variables: 

n u i r^i-L -*-75 u+ i J L B ic L B f + , C^B 2 +1+1 . / 7 

G 3 = b + G e ^ + — — c 3 uj + "^-c 3 w+ — c 3 uj uj - 2ic 3 c 3 b 3 

~ T bo S c C 3 - ^C 3 uf % ' + (c' 3 W 3 ' + C 3 Ujj"') + i jV 3 - C 3 

+ ^7 C 3 ~ ff ta c c 3 c' 3 C 3 + J^Cg C 3 C 3 + 2ic 3 c 3 c' 3 - ^C 3 eg' C 3 + J^Cg c' 3 C 3 

3i _. /; 3z _.. / iJ^~B 1 1 / c^~ B ,_ . ,n _. . ,/-. 

-y C 3 C 3 C 3 - yC 3 C 3 C 3 - — -^=^C 3 C 3 C 3 < + ^= (C 3 C 3 C 3 + C 3 C 3 C 3 ) 

1 . I t~\0 / I / I / 2?' _ , I / / / _ 111 1 11 _ _ 11 » 

-— «C 5 C 3 C 3 C 3 Wj" -C 3 C 3 C 3 M 3 + — — (C 3 C 3 C 3 + C 3 C 3 C 3 - 2c 3 C 3 C 3 

12 a is^o; 

1 r-n 1 \ , 2\/2 /_ , _// / +// . -1 / -I . -1 1 +/\ 

+5c 3 c 3 c 3 j + -^7(030303^3 +030303^3^ +c 3 c 3 c 3 m 3 +C 3 C 3 C 3 Mjj 

+4(^7-l)4c3 44c 3 . (C.12) 
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The corresponding R-current is 



LC 



r- L R 91 r 

= 6\7I + c 3 & 3 - c 3 6 3 - -jc 3 c 3 + -^-c 3 c 3 - 4c 3 c 3 - 2c 3 c 3 

+ 7^7 ( 4 4 c 3 + 7c 3 eg + 8c 3 c' 3 ) - ^ («"' + «+') . (C.13) 
Decomposing by antighost number, the stress tensor appears as 

= -Uc 3 b' 3 + C363) - I (c'sh + C3&3) + ^% + ' V , (C14) 



3 0) = ( c 3 4 + c 3 4) - y (c' 3 6 3 + c' 3 63) + ' % ' 

rp{2) 1 a2 / t! - \ .11*- /// . * c bosc _ /// i c - in 5i _/ „ ^Cbosc _/ // 

J 3 - _ 2 + V ° 3 ^ ° 3 43 C3 C 3 ~~ ^8" C3 C 3 ~~ "g" C 3 C 3 H 16 -03 C 3 

* c -' ,// „•-// / •-/// „ c ^ /- „ „,+'" 1 J „,+" 



4 c 3 ' - icg c' 3 - icg' c 3 - — -= (c 3 c 3 u+ + 2c 3 c; 



•j^g ~3 "3 "^3^3 "^3 W J \2^f2^ i ^ i ^' i ' 

7 (C 3 C 3 U 3 + C 3 C 3 + C 3 C 3 M 3 + C 3 C 3 wj + C 3 C 3 M 3 + C 3 C 3 M 3 j 



+c 3 4 « 3 + ' + 24 c 3 % + " + 24 4 4' + 4' c 3 <') + (c 3 4" + 34 4') 



Ba 



V2 /_ -in _ + in a -i 

-g^7(c 3 C 3 M 3 +C3C3UJ +C 3 C 3 M 3 



+C 3 4 U3 ' + 4' C 3 M 3 ' + C 3 C 3 M 3 ') > (C.15) 

t-i(4) 3 _/ _ 11 1 . Cbosc _/_/// c -1 - 11 1 1 -/-/// 35 _ //; 

T 3 = g C 3 C 3C 3 C 3 + ^C 3 C 3 C 3 C 3 -— C 3 C 3 C 3 C 3 -^-y^Cg^ C 3 + —C 3 C 3 C 3 C 3 

Cbosc _/ _ /// C -1 — in <J _// _ // Cbosc _// -11 C _ w _ w 

l^ 3 ° 3 ° 3 ° 3 ~ 48 ° 3 ° 3 ° 3 ° 3 4° 3 ° 3 ° 3 ° 3 "IT ° 3 ° 3 ° 3 ° 3 ~ T 03 ° 3 ° 3 ° 3 

, 3 _// _i 1 Cbosc _// _/ / c -it -1 t . 35 _ , Cbosc _w _ / 

+ g C 3 C 3 C 3 C 3 + -J^~ C 3 C 3 C 3 C 3 ~ 77^ C 3 C 3 C 3 C 3 + ^3 C 3 C 3 C 3 + ^g-C 3 C 3 C 3 C 3 

C -L 3 

-^4" c 3 c' 3 c 3 - (4 c 3 4" c 3 + 4" c 3 4 C 3 ) 

1 7 ( 5 3 5 3 4 C 3 + ^4 4 4 C 3 ) . (C. 16) 



B 2 a' v 3 J 3 2 
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At this stage we need to bring the supercurrent itself into a universal form in which only 
Those appears explicitly. To this end, we employ the generating function defined above in 
Eqn. (16.18p . The corresponding finite transformation yields the supercurrent 

, q ■-/ t rp 2 +/ _, 2iV2,, , +l ,f 4 c x \ „ 

+2lC 2 b 2 C 2 - T bose C 2 - — C 2 U 2 U 2 + -^-j- (C 2 M 2 + C 2 M 2 j + I -g2~l ~ ~Q ~ 1 J C 2 

ic _ , 2% _ n t ic _ In lie n ic _,, , 
l2° 2 ° 2 ° 2 ~ B^c7'° 2 ° 2 ° 2 ~Y C2 ° 2 ° 2 ~2A° 2 ° 2 ° 2 ~Y° 2 ° 2 ° 2 

( - III . o-" ' I 17-1 " \ I 2\/2/_ , _// „ _/ 

- (3c 2 c 2 c 2 + dc 2 c 2 c 2 + 7c 2 c 2 c 2 J + — — [c 2 c 2 c 2 u 2 + c 2 c 2 c 2 w 2 



/ c ± I 

+ 2c 2 4 C 2 M 2 ) - — C 2 C 2 C 2 ' 4 C 2 + £2^/4 C2 4 4 C 2 • (c. 17) 

The R-current takes the form 

7 C ^ +' i T. — 7 13 _ /# Cbose _ // c - II , 3 _ w 

= 6Vf ° 2 ~ C2 _ T° 2 ° 2 "S - ° 2 ° 2 _ Y 02 ° 2 5V C2 ° 2 

+ . (C.18) 
Broken up by antighost number, the stress tensor takes the form 

T 2 (0) = T bose -l(c 2 4 + c 2 4)-|(4&2 + 4&2)+^ , « 2 , 4, (C.19) 

rp(2) _ 13? _ /// ^Cbose _ /// ic _ m % _ ,„ 13z /; 2Cbose _/ // 

h ~^C 2 C 2 + —C 2 C 2 - —C 2 C 2 + ^-;C 2 C 2 - — C 2 C 2 + — C 2 C 2 

i C± -I II C± B (- +"' . o- / +// . - // +/ . rW +" I r) — / / +' 

— Y^ C 2 C 2 ~ Y2^/2^ C2C2 + 2 c 2 c 2 uJ +c 2 c 2 uj + 2c 2 c 2 u 2 r + 2c 2 c 2 u 2 t 
, -// +'\ 3? _, „ \[2 f , _// . _// . , _/ _w 

+C 2 C 2 U 2 j + 2B2(y/ c 2 c 2 ~ ^7 I 2c 2 C 2 U 2 + 2c 2 C 2 M 2 + 2c 2 C 2 U 2 + C 2 C 2 M 2 
._//—/._// — / _ +/// _ // +/ _// +/ 

+c 2 c 2 u 2 + c 2 c 2 u 2 — c 2 c 2 u 2 — c 2 c 2 u 2 — c 2 c 2 u 2 



—2c 2 4 



2 u 2 



2c 2 c 2 u 2 " — 24 a. 



2 u 2 



(C.20) 
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T 2 (4) = -y^7 ( 5Vc± - 24 ) 4 + 4 c 2 4' c 2 



+2c 2 c 2 c 2 c 2 + c 2 c 2 c 2 c 2 + c 2 c 2 c 2 c 2 I . l^- 2 !) 

The final step is to render the supercurrent in a complex universal form, in which the 
conjugate current G\ is given simply by 

Gi = 6i . (C.22) 

This final transformation is not unitary. Instead, it comprises a similarity transformation 
5' 2 , generated by the function in Eqn. (16.221) above. We obtain 

Gi = Oi H =ci itT + - ; ci u7 — C, m7 + 2zci Di + 2zci 6, ci 

6^ 5a' 3V2 

-2ic\ ci bi + 4ic'i 61 cj - 2T bosc ci - -i-ci wt' itr' + ^tf^ (c\ w7" + 2c'i + 2c, ttt'l 

a' Ba! v 

c- 1 8 
_ 2c " - — c " + -2- c " 

1 3 1 B 2 a' 1 



2 



16B 2 a 



7 (24 + c/B 2 (c bose - c x - 26)) c? c£ - Cl cf Cl - 4c[ c'[ c x - 6c? c\ c^j 



+ 24B^ ^ + a ' B ^ Cbose ~ c± ~ 26 ^) 4 Sl c " 4 c i • ( C - 23 ) 
The conjugated supercurrent now appears as 

Gi = 61 - ^g 2a , (24 + a / S 2 (c boS e - c 1 - - 26)) ^6^ ci c" - 3c" q c x - c" c"i cij 

+ 12^V ( 24 + a,jB2 ( Cw " c± " 26 )) 4 4 ci A c a . (C.24) 
Decomposed by antighost number, the R-current takes the form 
AO) + '^B 2V2 / _, + , 



j{ 2) = -£^{2±+o/B\(^-C L -26))c X d[, 

J i (4) = -T7^(24 + a , 5 2 (c bosc -c ± -26))(c;c 1 c; , c 1 + c , 1 , Cl c , 1 c 1 ) . (C.25) 



452a' 
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Similarly, the stress tensor becomes 

If> = -l c r6;-^ 1 6' 1 -| C ' 1 &i-|c' 1 6 1 + <V^, (C26) 

T i 2) = -^^7( 24 + «' i?2 ( c bo S c-c ± -26)) 

x (3c! cf + 9c[ c" + 12c" c[ + 4c'" Cl ) , (C.27) 
T x (4) = - i g^(24W5 2 (c w -c ± -26))(9^ 



+12^ ci c x Ci + 3c x c x c 1 Ci + 5c 2 ci c x ci J . (C.28) 

As noted above, the final expressions simplify greatly upon assigning the values 

24 

c bose = 26 , c x = — - . (C.29) 
We obtain the final supercurrent in the form 

Ci = h + 2% (ci hi c[ + ci b\ c x - c[ c x b x + 2c[ b x ci) - 2T bosc &i + c x 

4 +/ _, 2z^2 / _//,„, _/\ „ 
-c x u{ u x + -f^—r (ciitj +2c 1 « 1 -2c 1; 

Gi = 6i . (C.30) 
The R-current and stress tensor take the final forms 

J = — -Mj + Ci 6i - Ci &i , 



r = ^bose + ^7«i"' «1 ' - Qci &i + y c l fo l + h - C J • (C.31) 

D Explicit similarity transformation of the BRST cur- 
rent 

Here we present the explicit canonical variable redefinition that renders the BRST current 
in the universal form presented in Eqn. (I7.4p . As described above, because of the presence 
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of a number of currents that commute with the BRST current, there is a certain amount of 
freedom to choose a generating function that yields Eqn. (I7.4p . The following choice has the 
property that it admits particularly simple transformation rules for the reparametrization c 
ghosts, and the shifted-spin c\ antighosts: 

3 3 - 

g = 2ic x c'l — V2b 7 c\ H — -=c (3 c\ -=c [3 c\ — i\plc b v + ' 

v2 v2 

+-^cp' ci - —=c(3' a + 2iV2b-fc[ - iV2bjc[ + 3iV2b*/' c x 
v 2 v 2 

i i .5 4^2_ _„ , 1 + „ 4^2_ , _, 

= CDCi = CDCi C\C\V H -=C X C X V Ci Ci f 

V2 « 3^ «' 

1 / i 1 i 
zC\ c' x v + —16 c c[ c\ H — 6 c ci ci H — 6 c' ci ci c/3 c x v + 



3^2 1 1 ■ ^--x-x 2 ~ 

— ~cpc\V + icb c x c x — icb c x c\ — —cb c\ c x — -cb c x c\ 

— -cb" ci ci + z/?7 q ci + (3i)(3 7 ci ci — 2i/3 7' ci ci — 7 q Ci 
+6 7 ci — -S c ci Ci + -b c c[ ci — -b c c x c\ + 2c x ci 61 cj 

+ -c x c x c x c x + — -6cciCit; + — b^yc x cic 1 + -—c(3c x c x c l H 1 =cf3c 1 c x cx 

6 3 3 3 3V2 

H F cpc, c, Ci =cociCi?r H ^cociCi-u F coci q t; 

3v/2 3v/2 3^ 3^ 

3^ C ^'^ lC ' lCl ~ 3^ Cb '^ ClV+ ' + ClV+ ' ~~ ~Y~" h ^^ic' x 

— V2b 7 c" Ci Ci H — —6 7 ci ci ci -=b c c\ c\ v + ' + V2b 7' c[ c x c x 

3 3y2 

4^2? _,_ , V^.,^. 1 .5. , 4iV2_,_ , _/ 

-—67 ci c x ci — c/5 c x ci ci H pC/? ci c x ci H — q c x c x c x u 

3 3 3V2 « 

z 1 1 i » 

H =ci Ci c'i Ci f + ' c /3 c' x ci ci f + ' H — cfic\d x c x v + ' H — c 6 ci ci f +/ f +/ 

5V2 6 3 6 

1 „ 1 . 1 . 2 

--c&q ci c x ci - gC&q ci c x ci - -cb c x c x c x c x - -^Pl c i c i c i c i 

+^7 ci ci ci ci + % -b 7 ci ci ci v + ' - % -bc c[ c x c' x c x + ^{^c b c[ c x c' x c x v + ' . 
3 3 3 15 



(D.l) 

When this generating function is promoted to the finite similarity transformation S, we 
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obtain the following explicit transformation rules for each of the fields of interest: 

6 -> b-—pc' 1 + ^(3c' 1 -V2bv + '-^p'c 1 + ^(3'c 1 -2bc 1 c , ;-Abc' 1 c' 1 
v2 v2 \/2 \/2 

-26 c[ ci - 46' ci ci - 46' ci ci - 26" c x ci ; (D.2) 



c — * c + iV2'~f ci + (2i)cc[ c\ + cq q — ic' c\ C\ + \[2cc\ c\ v + ' ; (D.3) 

h - iV2cp' + 2V2b-f' + (3 - ^c' (3 + 2V2b' + c [3 v + ' + Acbc'l 

v 2 v 2 

+8c 6' ci + 4c 6" ci - 2/3 7 q - 2/3 7 q - 2(3 7 q - 2(3 7 ci - 2i6 c q 

4i 

+2ici 61 ci + 2ici 6i ci + 2ici ci ci + — c x c" a + 6c 6 ci + 6c 6' ci - 2/3' 7 ci 
-2/?' 7 ci - 2i5' c ci + 4iq 61 ci + 4iq c'[ a - 2\[2c (3 ci c'/ - 4V2c /3 ci ci 
-2-\/2c /? q ci + 2i v^c 6 ci w + ' - 4-\/2c /3' q ci - 6v^c /?' ci q + 2i-\/2c 6' q v + ' 
-2V2c (3" ci ci + 4iv^6 7 ci c'i + 4i v 7 ^ 7 ci ci - Uy/% 7 c'/ ci - 8i^26 7' ci c x 
-4^6 7' ci ci - 4iv^6 7" ci ci - iv^c /3 q ci - 2iv^c /3 ci Cl -iV2c (3' c x c x 
-3V2c' (3 ci ci - 6V2c' /3 q ci - 3v^t/ (3 1 q a + Ai^2b' 7 q c[ - AiV2b' 7 ci a 
-Ai\f2b' 7 ci ci - 42^6' 7' q c x - 2ic /3 q c[ v + ' - Aic (3 c\ c x v + ' + 8ic 6 c x c'[ c[ 
+2Aic b c[ q C\ + 82c 6 q c[ c\ — 2ic (3' q C\ v + ' + 16ic 6' q q C\ + 32ic V c[ c\ C\ 
+8ic b" c\ c[ c\ — Ai(3 7 q c[ c\ — Ai(3 7' ci q c\ + 46 c ci c" ci + 86 c q ci ci 
+ 12?c' 6 q c'i ci + 24?c' 6 ci ci ci + 12ic' V q ci Ci - Ai(3' 7 ci ci c x + 46' c ci ci c x 
-4q ci 61 ci ci - 4q q c" ci ci + 4iv / 2c (3 q ci c'i Ci - 4v / 2c 6 c x c" c x v + ' 
—8\/2c 6 q ci c\ v + ' + 8i\p2c (3' q ci ci ci — A\p2c c\ c[ c\ v + ' + 8^6 7 q q c'/ ci 
—2\[2c (3 q ci ci c\ + 6iv / 2c / /3 q q ci ci + Sa/26' 7 q q ci ci — Ac (3 q ci ci c\ v + ' 

1R „ , ISv^ , Sv^^ , _,, 8v/2_ _, 

— 16c 6 q C\ c x Ci q qqqt> — Ciqcif — q q q v 

a' a a 

+ClV -"^ + c ' iV -'^yl + 8tcbc 1 c';'c 1 + 4 ; (D.4) 
cr ' a' 
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1 3z 
b 1 -iV2b*/ + iV2cp' - AV2bi + -=tp + iV2c lV + " + —dp - V2b' j 

v 2 v 2 

-2i6cei -6cci + i6c'c! + c/3t; +/ + 8060/ + 6c6'c' 1 - 4/3 7 q + 4/3 7 ci 
+2,5 7 q + 2ib 7 w + ' + 4i6 c q + 2i6 c ci + 8c 6 c 1 -lc'b'c 1 + 27' /? q + iS' c c x 
+2ici ci bi — 2ic 1 c\ d[ — id 1 6 ci + 2ic[ c\ c 1 — Aic[ c l c\ + — c\ c.\ C\ — \l~2b c C\ v + ' 
+2V2b 7 c 1 ci + 4^2c d[ ci + 2y/2c P c 1 d 1 + 2y/2c (3 c[ a - 2i V2c b c x v + " 
-QiV2c 6 ci v + ' + 2V2c p' ci ci - i\p2c b' c x v + ' + 8i V2b 7 ci ci + V2b c c x v + ' 
+AiV2b i ci ci - 8iV2b 7' ci ci - 8iV2b 7' ci q - 3i v^c /3 ci ci + 3V2d p q c 1 
-iV2d b ci + 4iv^S' 7 q c x + 6iV2b' 7 ci ci - 8iV2& 7 ci ci 
+2\/2d 1 Ci Ci f + " + 2i£> c ci Ci c x + 2b d d 1 C\ C\ — 6ic P d 1 C\ v + ' — 2cbc\ v + ' v + ' 
+8ic 6 ci ci ci + 16«c 6 q ci ci + 16ic 6 q ci ci + 16«c ci ci ci + 16ic q ci ci 
+8ic 6" ci ci ci + 4i/3 7 ci ci ci — 4i/3 7' ci ci ci — 46 7 ci ci t> + ' — 126 c ci ci ci 
+46 d ci ci ci + 12ic' 6 ci ci ci + 14ic' V d l c 1 c x + UP' 7 ci c x c x — 10b' c d l c x c x 
+4ic" 6 ci ci ci + 4c/ ci c~i ci ci + 2i\f2b c d 1 C\ C\ v + ' — 4iv^2c P d[ d l C\ C\ 
-AV2c 6 ci ci ci v + " + 12 V2c 6 ci c x d 1 v + ' + lOv^c V q q q v + ' 
-8V2b 7 ci ci ci ci - 2iV2b c q ci Ci w + ' + 8^6 7' q ci ci ci 

—2\/2d 6 q ci Ci f + ' — 8^6' 7 ci Ci ci c x + Aic 6 ci Ci q t> + ' t> + ' — 16c 6 c'/ ci c x ci q 

-» 8^2 , _, 8^2^,, _AiV2 

+C1C1C1V — + c l cic 1 v — + CiV — 3ci ; (D.5) 

a' a' a' 

ci — > q — 2?q ci Ci ; (D.6) 
% 1 

7^7 — \p2~c c 1 -i=c Ci H — — d Ci — ic q v + ' — 2ry ci c x + 2ry c' x Ci 

v 2 v 2 

+^6 q ci Ci + (^-iv 7 ^) c' q ci c x + 2c q c' x c x w + ' ; (D.7) 

7 — >■ •y+(V2cdi i=cci -=d Ci — icq v + ' — y/2cd 1 q Ci 

V V2 V2 

+iv / 2c / ci q Ci - 2c ci q c x w+'^j + 2ry q c x ; (D.8) 



53 



P -> (3 + V2b Cl + U\f% c[ + 3iV2b' a - Up q c[ - 8z/3 c[ q 

+2ip c[ ci - 26 ci f + ' - 4z/3' q a - 8^6 q c'[ q - l&V2b c[ c\ q 

-8V2b' q dy ci - 8/5 ci q ci d ; (D.9) 

P ^ P- 2iV2b ci - 2i/3 q q + 4^6 q q q + 4^6' q ci Ci ; (D. 10) 

w + -> w + + 2v / 2c , 1 ci ; (D.ll) 

iT -> iT-^c&; (D.12) 
v2 

6 -> 6- ^/3q - -J=/3ci + 2i(^6cici + 6ciq + 6'cicij ; (D.13) 

c —>■ c+ v2c f + ' + 2\/27 q — V / 2 _ 7 ci + 3\/27' ci + 2c q ci + 6c q Ci + zc q c[ 

—it c[ C\ + d q ci + c' C' x Ci — ic' q q — c" q Ci — z\/2c q q t> + " + i\p2c q c' x t> + ' 

—i\p2c c[ c\ v + ' + 4iV2^ ci ci ci — i\p2d c\ q v + ' — 4c ci c\ ci q 

+4ic Ci q ci ci - 4\/2c q q ci q v + ' . (D.14) 

E Commuting currents 

It turns out that there are a number of linearly independent currents that commute with the 
BRST current. Here, we present these currents explicitly after our final variable redefinition, 
in which the BRST current appears in the universal form in Eqn. ( 17.41) . The existence 
of these currents implies that the procedure for finding the generating function go leaves 
a number of free coefficients undetermined. In obtaining the final version of go used to 
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generate the transformation in Eqn. (17.21) . we can use this freedom to choose particularly 
simple transformations rules for a subset of the total field content. The currents appear as 
follows: 

Jx = ifij+dh ; (E.l) 
J 2 = cth + ifij; (E.2) 

J73 = icbPj + cbcibx — iV2c' cb(5c\ -C/Scif - '; (E.3) 

a 

= ic ft j3 7 ci + ic j3 7 j3 ci + c (3 ci Cibi 

+c(3c 1 b 1 c 1 -iV2c' cfificxcx ; (E.4) 

Jb = b^d l + b 1 'c 1 --c 1 d 1 v-'- (E.5) 

a 

Ja = b^c l + b^'c 1 + —cic 1 ir'' + —c 1 c l v~'-, (E.6) 

a' a' 

J 7 = h^i-hc'i + b'jc l + c 1 c' 1 v-'- / ; (E.7) 



Js = -674 + 67 q + 6' 7 ci - ^Ci Ci u " - —ci c[v ' ; (E.8) 

J7g = 67 Ci f ~' + 67 Ci v~' -C\ C\ v v~' ; (E.9) 

a' 

J7io = 67 ci w +/ + 67 ci f +/ + be c\ c\ -ci ci f + ' v~' ; (E.10) 

a' 

Jii = -26701 ci 61 + 6/577C1 + 67/57C1 -/^CiCitT 7 ; (E.ll) 

a' 

^jS 'y c c v — ' 

J12 = «6/577Ci + i6/?77ci + 67C1 61 ci H ; (E.12) 

a 
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1 i - iy2 i 

Jvz = —^cbP'y =c&qq + d cb /3q c/3qi>~ ; (E.13) 

Ju = -c x d[ + d[c x ; (E.14) 

J15 = -j3ic 1 d 1 + j3'y'c 1 ci + ? yi3d 1 c 1 + icid 1 cib 1 ; (E.15) 

Ji6 = c[ ci q ci + 7 4 q + i/3 7 c' x ci - i(3 7' q Ci ; (E. 16) 

Ju = c o & 7 q + c a & 7 q — V2c cobc\ q 

1i * i 1% * n 

cb C\C\V~ H -cbc\C\V~ ; (E.17) 

a' a' 

Ji% = —cb/3jcic 1 + cb/3j'ciCi + cb^j3c 1 c 1 + icbci q q b\ 

2i 

+y/2d cbf3c 1 c' l c 1 c(3c 1 d 1 c 1 v~ ; (E.18) 

a 

Jiq = icb (3 7 d 1 C\ + icb {3 7 d 1 c 1 — icb f3 7' q q + cb d 1 q q c 1 

— iV2d c b (3 d x q Ci -c[3d 1 c 1 c 1 v~ ; (E.19) 

a 

J20 = b-yc 1 q d l -b'jc 1 q ci - 67' q q Ci 

+6 7' Ci c' x q -c^ q c' x Ci t>~ ; (E.20) 

a' 

J21 = —67 c' x q q + 67 q q ci + 26 7 q q q + b 7' q q q 

2i 

+b' 7 q c[ q H -q q q q v - ' . (E.21) 

a' 
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